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Abstract

We explore some of the major results in the study of finite Hecke algebras and their
character tables. These algebras are useful in the study of representations of finite
Chevalley groups, and also appear in the study of quantum groups, and knot/link
invariants. In Section 3, we see three different definitions for the Hecke algebra, define
the character table, and state some character formulas. Then in Section 5, we prove
Starkey’s Rule, a computation of a Type A Hecke algebra character table, using the
argument from [GP00], and use this argument to compute character values for certain
elements in the Hecke algebra of Type B.
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1 Introduction

The Hecke algebra of a group G relative to a subgroup H is defined to be the algebra of H-
biinvariant functions on G under convolution (and potentially some topological conditions)
[Bum, p. 6]. These algebras are important in many different areas of math, including the
representation theory of G, and early work was done by Iwahori, Matsumoto, and others
(e.g. [Iwa64], [Mat64], [IM65]).

A prime motivation for the study of Hecke algebras is to study the representation theory of
reductive groups. The Borel-Matsumoto Theorem [Bum, §1, §2] shows in various contexts
that representations of G with H-fixed vectors correspond bijectively to representations of
the Hecke algebra of G relative to H. In the case where G is a reductive group over a nonar-
chimedian local field and H is either the maximal compact subgroup or Iwahori subgroup
of G, the associated Hecke algebra is reasonably nice, a boon for studying its representation
theory. Since every smooth representation of G has a vector fixed by a compact open sub-
group, it is theoretically possible to classify the representations of G through representations
of various ascending Hecke algebras. The difficulty in this approach is that as H gets small,
the presentation of the Hecke algebra becomes very complicated, and so the representation
theory of the Hecke algebra is difficult.

This paper explores certain aspects of the representation theory of the “finite Hecke algebra”,
H, where G is a finite Chevalley group and H is a Borel subgroup. This object H occurs
in a surprising number of contexts. H can be written as a deformation of the group algebra
of the Weyl group of G, and by Tits’ deformation theorem, is abstractly isomorphic to that
Weyl group. In type A, it turns out to be the correct “quantum” analogue of Sn in the
context of Schur-Weyl duality. The HOMFLYPT polynomial is an invariant of knots and
links, and can be interpreted as a trace function on the type A Hecke algebra. And through
the Kazhdan-Lusztig basis, the Hecke algebra has applications to Schubert varieties and
Verma modules.

The wide reach of the finite Hecke algebra is echoed in its variety of definitions. We look
at three different definitions of the Hecke algebra in Section 3, and prove them all equiva-
lent under certain conditions. The first definition of H is by generators and relations: as a
deformation of the group algebra of a Coxeter group. The second definition is the one men-

3



tioned above, as the convolution algebra of Borel-biinvariant functions on a finite Chevalley
group. The third definition, in type A only, is by Schur-Jimbo duality: H is the centralizer
of the action of the quantum group Uq(gln) in tensor powers of the standard representation
of Uq(gln). These different definitions aren’t obviously equivalent; the fact that they are in
fact the same speaks to the fundamental nature of the Hecke algebra.

We focus here on the generic Hecke algebra, where the parameters qs are transcendental.
This is for two reasons. First, the algebra is easier to study, since we don’t need to worry
about qs being a root of unity (in which case H may not be semisimple). Second, keeping
the parameters generic gives us the flexibility to specialize them on demand.

Because of their wide-ranging importance, the representation theory of finite Hecke algebras
has been an object of study for half a century. By Tits’ Deformation Theorem (Section 4.1),
H is generically semisimple, and over a large enough field its representations correspond
bijectively to the representations of the underlying Coxeter group W . These representations
are easier to understand, so a useful way to study the representations of H is through the
representations of W .

The character theory of the finite Hecke algebra has also been well-studied. Just defining
an appropriate character table for a Hecke algebra takes some work, and we discuss this in
Section 4.2. The irreducible Hecke algebra characters have been computed for every type
(see [GP00, §9-11]), but a clean type-independent formula is not known. Instead, there are
many results for different types with their own strengths and weaknesses. A main goal of
this paper is to describe and compare some of these results.

We discuss three different character formulas/methods. The first method, Starkey’s Rule,
is known only in type A, and is the oldest character formula for Hecke algebras. It is
the main focus of Section 5. The advantage of Starkey’s rule is that it is a non-recursive
combinatorial formula in terms of the character table of W . The second method is the
Murnaghan-Nakayama rules for the classical types (A, B, and D), which are recursive for-
mulas based off the classical Murnaghan-Nakayama rule for the characters of Sn. The third
method is a set of linear relations given by Geck and Pfeiffer [GP00] that is particularly
useful for the exceptional types.

Section 2 of this paper gives some representation theory preliminaries for Coxeter groups
and semisimple algebras, and then Section 3 gives three equivalent definitions of the Hecke
algebra. Then Section 4 discusses representations of Hecke algebras. Section 4.1 gives Tits’
Deformation Theorem, which says that a Hecke algebra and its underlying Coxeter group
have the same representation theory. Section 4.2 defines the character table of H, and the
rest of Section 4 gives three different methods of obtaining the character table of H.

Starkey’s Rule is a main focus of this paper, and Section 5 gives a (nearly) full proof of
this result. Starkey’s rule is a combinatorial formula that is straightforward to compute.
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In fact, it is just matrix multiplication by a certain matrix. Its explicitness is an asset in
practical use: it is much more straightforward to use in trace formula calculations than the
other methods. As an example of this, in Section 5.4 we give a proof due to Geck and Jacon
[GJ03] that uses Starkey’s Rule to determine the weights of Ocneanu’s trace, which arises in
the study of the HOMFLYPT polynomial. Unfortunately, Starkey’s rule only covers type A.
We follow the Starkey’s Rule proof in [GP00, § 9.2], but work to extend each lemma as much
as possible to see if the result can be extended to other types. This results in an extension
of Starkey’s Rule to certain conjugacy classes in type B (see Proposition 5.13). It is still an
open question whether a combinatorial formula in the vein of Starkey’s Rule exists for the
full type B Hecke algebra, or if results exist in type D or the exceptional types. This paper
arose out of these attempts to bring Starkey’s Rule to bear on other types.

2 Representation Theory Preliminaries

The Hecke algebra is a deformation of the group algebra of a Coxeter group, and therefore
the representations of Hecke algebras has commonalities with those of Coxeter groups, or
semisimple algebras in general. In this section we describe some basic results of representa-
tion theory, much of which will be useful in our study of Hecke algebras.

2.1 Finite Groups and Semisimple Algebras

We mostly follow Chapters 1-3 of [Web16] in this section. Let A be a unital associative
algebra over a field k. A representation V of A is a unital left A-module. We assume that
A is finite dimensional over k. Under this condition, the A-orbit of every vector is finite
dimensional, so every irreducible representation of A is finite dimensional. Thus we will only
consider finite dimensional representations.

An important question is whether every indecomposible A-module is irreducible. This is
equivalent to A being a completely reducible module over itself, and we say that A is semisim-
ple if this property holds.

Maschke’s Theorem [Web16, Theorem 1.2.1] tells us that representations of a finite group G
are completely reducible as long as char(k) doesn’t divide |G|, and so in this case k[G] is a
semisimple algebra, since the categories Rep-G and Rep-k[G] are equivalent.

By Schur’s Lemma [Web16, Theorem 2.1.1], if k is algebraically closed and V,W are two
irreducible representations of A, then HomA(V,W ) = k if V ∼= W and 0 otherwise. If in
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addition A is semisimple, then by the Artin-Wedderburn Theorem [Web16, Theorem 2.1.3],

A ∼= Mn1(k)⊕ · · · ⊕Mnr(k)

as an A-algebra, where the ni are the dimensions of the irreducible representations of A.
This result leads to the formula that

dimA =
∑

n2
i .

2.2 Characters

The character is an important invariant for any finite dimensional representation of a group
or algebra. For a finite group, the idea of a character naturally leads to the notion of
a character table, but a character table of a semisimple algebra is much harder to define
in a useful way. The character table of a group has columns indexed by conjugacy class
representatives, and in order to define the character table of an algebra, we must choose a
set of “standard” elements to take their place.

Let χ(g) := Tr(ρ(g)) be the character of a representation ρ of a finite group G. χ is fixed by
conjugation, so is constant on conjugacy classes of G. We then define the character table of
G to be the following matrix: the rows are indexed by the irreducible characters of G, the
columns are indexed by (representatives of) the conjugacy classes of G, and the table values
are the character values at these representatives.

The character table of a finite group is an orthogonal square matrix [Web16, Theorems 3.2.3,
3.4.3], and thus the characters of G are an orthogonal basis for the space of class functions
on G. In addition, the columns are an (orthogonal) basis for the same vector space, and we
want to take this linear independence to algebra character tables.

When the group algebra k[G] is semisimple, we define its character table to be the character
table of G. The columns are indexed by certain elements of the group, and knowing the
character values at these elements is enough to give us the character values on all of G,
which is a basis of k[G]. Importantly, these representatives themselves are not a full basis of
k[G].

If now k[G] is replaced by any semisimple algebra A, this is our challenge. We need to find a
nice set of standard elements of A that are linearly independent modulo [A,A] (so that the
columns of the character table are linearly independent), and such that we have an algorithm
to obtain from these character values the character values on a basis of A.

It is important that our choices are natural. Since the characters of an algebra are a basis
for the set of class functions of the group of units, we could for instance choose our standard
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elements to obtain any character table we desired. So for an algebra that is not a group
algebra, we need to determine a natural set of standard elements in order for the character
table to have any use at all.

We discuss the solution to the finite Hecke algebra version of this problem given in [GP00,
§ 8.2] in Section 4.2.

2.3 Complex Representations of Coxeter Groups

Let W be a finite group generated by reflections. It turns out that W has an associated root
system, and has a presentation as a Coxeter group: for any two elements g, h of a monoid,
define

P (g, h; a) = ghg · · ·︸ ︷︷ ︸
a total factors

,

so in particular, P (g, h; 2a) = (gh)a.

Then W is generated by a set S of involutions (called simple reflections) with the following
relations:

s2 = 1, ∀s ∈ S (Q)

P (s, t;mst) = P (t, s;mst), ∀s, t ∈ S (B)

for some mst ≥ 2 for all s, t ∈ S. We refer to the first set of relations as quadratic relations
(Q) and the second set as braid relations (B).

Definition 2.1. Let W be a Weyl group with simple reflections S. Then the braid monoid
of W , denoted B+, is the monoid generated by S with relations (B).

Our main use of the braid monoid will be as a “universal” monoid for a Coxeter group and
its Hecke algebra. Since both the Coxeter group algebra and the Hecke algebra are quotients
of the corresponding braid monoid algebra over the same field, any relation that holds in the
braid monoid holds in the associated Coxeter group and Hecke algebra.

We assume knowledge of the basic facts and classification of finite Coxeter groups (such as
in [Hum90, Chapters 1-2]).

As a precursor to exploring Hecke algebra representations, we will look at some important
results in the representation theory of Coxeter groups. Knowing the representations of a
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Coxeter group helps us when studying the representations of the related Hecke algebra. See
[Car71, §11.2].

Let V be an R-representation of W where the action of W is generated by reflections.
Let W ′ be a (not necessarily standard) parabolic subgroup of W , and let V W ′ be the W ′-
fixed subspace of V . Then we have the W ′-module decomposition V = V W ′ ⊕ V ′, where
V ′ = (V W ′)⊥ has no W ′-fixed vectors.

Let Pe(V ′) be the space of homogeneous polynomials on V ′ of degree e with action inherited
from V ′. Suppose U ′ is an absolutely irreducible submodule of Pe(V ′) with multiplicity 1
which does not occur in any Pi(V ′), i < e. U ′ is a subspace of Pe(V ), so let U be the
W -submodule of Pe(V ) generated by U ′.

Theorem 2.2 (Macdonald-Lusztig-Spaltenstein Induction). U is irreducible, occurs with
multiplicity 1, and does not occur in Pi(V ), i < e.

We call U the j-induced module and denote it jWW ′(U
′).

Definition 2.3 (Macdonald). In the setting of Theorem 2.2, let N ′ be the number of positive
roots of W ′, and let U ′ := ε be the sign representation of Pe(V ′). Then we call U := jWW ′(U

′)
a Macdonald representation.

Let W ( ) refer to the Coxeter group of a particular type.

Theorem 2.4. Every representation of W (An) and W (Bn) is a Macdonald representation.
The representations W (An) are indexed by the partitions of size n+ 1, whereas the represen-
tations of W (Bn) are indexed by double partitions of n.

W (Dn) is an index-2 subgroup of W (Bn), and every irreducible representation of W (Dn) is
a W (Dn)-submodule of an irreducible W (Bn)-representation. When restricting from W (Bn)
to W (Dn), the representation ρα,β|W (Dn) corresponding to the double partition (α, β) is ir-
reducible if α 6= β, and splits into two irreducible representations if α = β. Additionally,
ρα,β|W (Dn) = ρβ,α|W (Dn).

MacDonald’s construction in type A recovers the familiar Specht modules. If λ ` n, and
W T
λ is the parabolic subgroup of Sn corresponding to λT , then the module Vλ := jW

WT
λ

(ε) is

equivalent to the Specht module for Sn corresponding to λ. We parameterize these modules
in terms of tableaux combinatorics.

Given λ ` n, a tableau t of shape λ is an injective filling of the Young diagram of λ with
1, . . . , n. Let tab(λ) be the set of all tableaux of shape λ. An element σ ∈ Sn acts on t
by permuting its entries: if i appears in a particular box of t, then σ · i appears in the
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corresponding box of σ · t. Let Ct, Rt be the subgroups of Sn preserving the columns (resp.
rows) of t as sets.

The tabloid {t} corresponding to t is the set of tableaux {σ · t|σ ∈ Rt}. The polytabloid Et
corresponding to t is defined to be

Et :=
∑
σ∈Ct

(−1)σ{σ · t}.

Theorem 2.5. The vector space with basis {Et|t ∈ tab(λ)} is isomorphic to Vλ.

The tableaux formulation leads us to the branching diagram of Sn:

Proposition 2.6.

Vλ|Sn−1 =
⊕

µ`n−1,µ<λ

Vµ.

In addition, we have two important character formulas:

Theorem 2.7 (Frobenius’ Character Formula). Let r ≥ n and ν ` n, and let sλ(x1, . . . , xr)
be the Schur polynomial corresponding to λ in r variables. Then∑

λ`n

sλ(x1, . . . , xr)χλ(wν) =
∏
i≤l(ν)

(xνi1 + · · ·+ xνir ).

Given partitions µ ⊂ λ (in the usual sense), let ccλµ be the number of connected components
of λ− µ, and lλµ be the number of rows covered by λ− µ minus ccλµ. We call λ− µ a hook if
it doesn’t contain any 2× 2 blocks.

Theorem 2.8 (Murnaghan-Nakayama Rule). [GP00, Theorem 10.2.7] Let λ ` n, and let
w ∈ Sn be of the form w = w′sn−k+1 · · · sn−1 for some w′ ∈ Sn−k. Then,

χλ(w) =
∑
µ⊂λ

(−1)l
λ
µχµ(w′),

where the sum is over all partitions µ of n− k such that λ− µ is a hook.

Remark 2.9. Ram [Ram91] generalized Theorem 2.7 to the Hecke algebra case using the
quantum Schur-Weyl duality of Section 3.3. This leads to a generalization of Theorem 2.8,
which is given in Section 4.3.
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3 Hecke Algebras

We explain the importance of the finite Hecke algebra by giving (and proving the equivalence
of) three definitions. The first definition is by generators and relations, the second is as the
convolution algebra of Borel-biinvariant functions on a finite Chevalley group, and the third
(in type A) is via a Schur-Weyl duality with the quantum group. We then prove that the
three definitions are equivalent in appropriate contexts.

3.1 Generators and Relations

Let W be a finite Coxeter group with simple reflections S. For each s ∈ S, let qs denote a
parameter corresponding to s that is transcendental over C.

Definition 3.1 (Definition 1). Given a Coxeter group W , let its generic Hecke algebra H(W )
be a C({qs, q−1s })-algebra with generators Ts, s ∈ S, and relations (B) from above and

T 2
s = (qs − 1)Ts + qs (Q’)

Note that if s and t are conjugate in W , then we must have qs = qt. The reason for this is
that since s and t are length 1, if they’re conjugate in W , then Ts and Tt must be conjugate
in H [GP00, Theorems 3.2.9b, 4.3.3]. Thus we can conjugate relation (Q’) and obtain

T 2
t = (qs − 1)Tt + qs,

so we have
qs(Tt + 1) = T 2

t + Tt = qt(Tt + 1).

This means that qs − qt = −Tt(qs − qt), so we must have qs = qt. As we will see in the
next section, in applications to reductive groups we take all qs equal to the cardinality q of
a certain residue field.

Now let w = si1 · · · sin be a reduced expression, and let Tw = Tsi1 · · ·Tsin . Then Tw is
well defined by the braid relations: if sj1 · · · sjn is another reduced expression for w, these
expressions are equal in the braid monoid, and so Tsi1 · · ·Tsin = Tsj1 · · ·Tsjn .

Proposition 3.2. H(W ) is spanned by {Tw|w ∈ W}.

Proof. We prove that {Tw} generates H(W ) by showing that for all s ∈ S,w ∈ W ,

TsTw =

{
Tsw, l(sw) > l(w)

(q − 1)Tw + qTsw, l(sw) < l(w).
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The first case holds easily, since if l(sw) > l(w) and w = si1 · · · sin is a reduced expression,
then ssi1 · · · sin is a reduced expression for sw. If l(sw) < l(w), then we can write w = sw′

where l(w) = 1 + l(w′). Thus,

Tsw = TsTsTw′ = ((qs − 1)Ts + qsT1)Tw′ = (qs − 1)Tw + qsTw′ = (qs − 1)Tw + qsTsw.

We now define the generic Hecke algebra H corresponding to H(W ). Let {qs|s ∈ S} be
transcendental parameters over C such that qs = qt if s and t are conjugate, and qs is
transcendental over C({qt|t ∈ S not conjugate to s}). Let K be a “large enough” field: a
finite Galois extension of C({qs|s ∈ S}) such that H is split semisimple, the existence of
which is guaranteed by [CR81, Proposition 7.13]. In particular, we define

H := H(W )⊗C({qs|s∈S}) K.

LetA be any commutative unital ring for which there exists a ring homomorphism θ : K → A
sending the qs to invertible elements of A; we then view A as a K-algebra and define the
specialization

HA,θ := H⊗K A,

where we often suppress the dependence on θ and write HA for HA,θ.

The two most important specializations of H are qs 7→ 1 and qs 7→ q, where q is the charac-
teristic of a finite field. Tits’ Deformation Theorem will tell us that these specializations are
(abstract) isomorphisms (see Section 4.1).

3.2 Convolution Algebra of B-Biinvariant Functions

Now let G be a finite Chevalley group. Let B be a Borel subgroup associated to a split
maximal torus T , let N = NG(T ), and let W = N/T . Bruhat and Tits abstracted the roles
of B and N through a set of axioms. This conception leads to the theory of buildings, in
which B and N can be seen as stabilizers of chambers and apartments, respectively.

In particular, from [GP00, §8.4]:

Proposition 3.3. Let G,B,N,W be as above, and note that we can view elements of W as
living in G, up to an element of B ∩N .

(a) (Bruhat Decomposition)

G =
⊔
w∈W

BwB.
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(b) If w ∈ W, s ∈ S, then BsBwB ⊂ BswB ∪ BwB, and if l(sw) = l(w) + 1, then
BsBwB = BswB.

See [Bum, §7] for a proof of Part (a) in type A.

Definition 3.4 (Definition 2). Let HB be the C-algebra of B-biinvariant functions G → C
under convolution. In other words,

HB = {φ : G→ C|φ(bgb′) = φ(g) for all b, b′ ∈ B, g ∈ G}

with multiplication

(φ ∗ ψ)(g) =
1

|B|
∑
x∈G

φ(x)ψ(x−1g) =
1

|B|
∑
x∈G

φ(gx)ψ(x−1).

By the (finite) Borel-Matsumoto Theorem [Bum, Theorem 2], irreducible representations of
HB are in bijection with irreducible representations of G with B-fixed vectors.

Now we show that this definition is the same as Definition 1, under the appropriate circum-
stances. Note that Definition 1 has “generic” qs, while Definition 2 has qs = |BsB/B|. If G
is an untwisted Chevalley group over a finite field Fq (the case we’re most interested in), then
qs = q for all s ∈ S, and in general qs is a power of q [Car71, §8.6, 14.1]. Here we get a sense
for why Definition 1 is called the generic Hecke algebra: the Weyl group of a finite Chevalley
group G is independent of the field of G. The qs from Definition 1 are indeterminates, but
in Definition 2 they are integers. So we show that Definition 1 is equivalent to Definition 2
once we have specialized the parameters qs in Definition 1 to the values qs in Definition 2.

Proposition 3.5. HB satisfies the defining relations (B) and (Q’) of H(W ).

Proof. Let φw ∈ HB be the characteristic function of BwB. By the Bruhat decomposition
of G, {φw} forms a basis of H(W ), and we have the relations

(φy ∗ φw)(g) =
1

|B|
∑
x∈G

φy(x)φw(x−1g) =
1

|B|
∑

x∈BxB

φw(x−1g) =
1

|B|
|By−1Bg ∩BwB|.

Now suppose that y = s ∈ S such that l(sw) = l(w) + 1. Then BsBg ∩ BwB ⊂ (BsgB ∪
BgB)∩BwB so if we take g ∈ W we must have g = sw for this set to be nonzero, and then

BsBsw ∩BwB = (BsBs)w ∩BwB
⊂ (B ∪BsB)w ∩BwB
= (Bw ∪BsBw) ∩BwB
= (Bw ∪BswB) ∩BwB
= Bw.
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Therefore, |Bw| = |B|, so φs ∗ φw = φsw. By induction, this means that if w = si1 · · · sin is
a reduced expression, then φsi1 ∗ · · · ∗ φsin = φsi1 ···sin .

In particular, the braid relations hold in HB:

P (φs, φt;mst) = φP (s,t;mst) = φP (t,s;mst) = P (φt, φs;mst).

If now y = w = s, we set qs := |BsB|/|B| = |BsB/B|. Here we have BsBg ∩ BsB ⊂
(BsgB ∪BgB)∩BsB, so g must equal either 1 or s, and we can write φs ∗ φs = λφ1 + µφs.
Evaluating both sides of at the identity obtains

λ = |(BsBs ∩BsB)|/|B| = |(B ∪BsB) ∩BsB|/|B| = |BsB|/|B| = qs.

Now, |BsBs/B| = |BsB/B| = qs, so

µ = |(BsBs ∩BsB)/B|
= |((B ∪BsB) ∩BsB)/B|
= |BsBs/B| − |B/B|
= qs − 1.

Thus we have the quadratic relations as well: φ2
s = qsφ1 + (qs − 1)φs.

Corollary 3.6. Let G be a finite Chevalley group over Fq, let W be its Weyl group, and
let B be a Borel subgroup. Let H(W ) and HB be defined as above, and let H′(W ) be the
image of H(W ) under the homomorphism qs 7→ q (where the qs are indeterminates). Then
H′(W ) ∼= HB as C-algebras.

Proof. By Proposition 3.2 dimH′(W ) ≤ dimHB, and by Proposition 3.5, HB satisfies the
defining relations of H′(W ). Thus, the algebras are isomorphic.

3.3 Centralizer of Quantum Group Action (Schur-Jimbo Duality)

Our final definition of the finite Hecke algebra is as the centralizer of a quantum group
action. Quantum groups are certain deformations of universal enveloping algebras of Lie
algebras, and have applications to various areas of physics. Quantum groups were studied
in particular by Drinfeld [Dri85] and Jimbo [Jim85] in the 1980’s, and the latter [Jim86]
extended the usual Schur-Weyl duality of GLn and Sk to the quantum group Uq(gln) and
the Type A Hecke algebra H(Sk). Here we leave q as a transcendental parameter to avoid
issues at roots of unity.
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We follow [Sun14] in this section. In type A, we can express the Hecke algebra as the central-
izer of a quantum group on a tensor power of the quantum group’s standard representation.

We define a quantum group to be a quasitriangular Hopf algebra. In other words, let A be
a Hopf algebra over a field k with comultiplication ∆ : A → A ⊗ A, coidentity ε : A → k,
and antipode S : A→ A. Let τ ∈ End(A⊗ A) be the operator x⊗ y 7→ y ⊗ x.

Definition 3.7. We say that A is quasitriangular if there exists a universal R-matrix R ∈
A⊗ A such that

(a) R∆(x)R−1 = τ(∆(x)) for all x ∈ A,

(b) (∆⊗ id)(R) = R13R23 and (id⊗∆)(R) = R13R12,

where Rij refers to the image of R under the embedding A ⊗ A ↪→ A ⊗ A ⊗ A into the i, j
factors.

For more background on this definition, see [Rit02].

In particular, let q be an indeterminate, and let g be a semisimple Lie algebra over C(q) with
Chevalley generators {ei, fi, hi}, 1 ≤ i ≤ n, and Serre relations

[hi, hj] = 0, [ei, fj] = δijhi, [hi, ej] = aijej, [hi, fj] = −aijfj,

ad(ei)
1−aij(ej) = 0, ad(fi)

1−aij(fj) = 0.

The values aij define a Cartan matrix. Let R be the corresponding root system, and W the
Weyl group of R.

Let U := Uq(g) be the unital associative C(q)-algebra with generators {Ei, Fi, Ki, K
−1
i } and

deformed Serre relations

KiK
−1
i = K−1i Ki = 1, [Ki, Kj] = 0,

KiEjK
−1
i = qaijEj, KiFjK

−1
i = q−aijFj, [Ei, Fj] = δij

Ki −K−1i
q − q−1

,

[Ei, Ej] = [Fi, Fj] = 0 if aij = 0,

E2
iEj − (q + q−1)EiEjEi + EjE

2
i = F 2

i Fj − (q + q−1)FiFjFi + FjF
2
i if aij = −1.

If g is not simply laced, there is the possibility that aij 6= 0,−1; we ignore that case here.
Note that some authors write q±hi for K±1.
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Let V be the standard representation of U in the sense of [CP94, §10.1-2]. In particular,
V has the same dimension and weights as the standard representation of g, and is equal to
that representation under the specialization q 7→ 1. U acts diagonally on the tensor power
representation V ⊗k.

It can be shown that Uq(g) is quasitriangular; thus it is a quantum group. Now let g := gln,
and in particular,

Proposition 3.8. [Sun14, Corollary 2.4] There exists a matrix R ∈ U ⊗ U that satisfies
Definition 3.7, and

(a) R satisfies the Yang-Baxter equation: R12R13R23 = R23R13R12, where Rij is the map
from U⊗U to U⊗m, i, j ≤ m given by x⊗y 7→ 1⊗· · ·⊗1⊗x⊗1⊗· · ·⊗1⊗y⊗1⊗· · ·⊗1,
where x (resp. y) is the ith (resp. jth) factor.

(b) Let R̂ := τ ◦ R. Then R̂ is an isomorphism W1 ⊗ W2
∼= W2 ⊗ W1 for any two

representations W1,W2 of U .

(c) R̂23R̂12R̂23 = R̂12R̂23R̂12

(d) R acts on the tensor square V ⊗ V of the standard representation as

R|V⊗V = q
∑
i

Eii ⊗ Eii +
∑
i 6=j

Eii ⊗ Ejj + (q − q−1)
∑
i>j

Eij ⊗ Eji.

Suppose n > k.

Definition 3.9 (Definition 3). Define the Hecke algebra associated to V ⊗k to be

HU,k := EndU(V ⊗k).

By [BMP05], g is “strongly rigid”, meaning that U is abstractly isomorphic to the univer-
sal enveloping algebra of g. In particular, U is a semisimple algebra that has the same
representation theory as g. By the Double Centralizer Theorem [GW09, Theorem 4.1.13],
U = EndHU,k(V

⊗k).

Theorem 3.10. HU,k
∼= H(Sk), as defined in Definition 1.

Proof. As U is a deformation of g, the dimension of its centralizer is the same: k!. Thus if
we can find a copy of H(Sk) inside HU,k, they are isomorphic.

By Proposition 3.8(d),

R̂|V⊗V = q
∑
i

Eii ⊗ Eii +
∑
i 6=j

Eji ⊗ Eij + (q − q−1)
∑
i>j

Ejj ⊗ Eii,
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so under restriction to V ⊗ V ,

(R̂ + q−1) = (q + q−1)
∑
i

Eii ⊗ Eii +
∑
i 6=j

Eji ⊗ Eij + q
∑
i>j

Ejj ⊗ Eii + q−1
∑
i>j

Eii ⊗ Ejj

(R̂− q) =
∑
i 6=j

Eji ⊗ Eij − q−1
∑
i>j

Ejj ⊗ Eii − q
∑
i>j

Eii ⊗ Ejj,

so
(R̂ + q−1)(R̂− q) =

∑
i

Eii ⊗ Eii −
∑
i>j

Ejj ⊗ Eii −
∑
i>j

Eii − Ejj = 0.

If we replace q by q1/2 and set σi := q1/2R̂i,i+1, the σi satisfy the quadratic relations (Q’). In
addition, by Proposition 3.8(c), the σi satisfy the braid relations, so H′ := 〈σi〉 is a quotient
of the Hecke algebra H(Sk).

Therefore, we can write σw := σi1 · · · σin , where w = si1 · · · sin is a reduced expression, and
this is well-defined. Notice that under the specialization q 7→ 1, the action of σi is the
permutation action that switches the i-th and (i + 1)-th factors of V . Thus all the σw are
linearly independent, so in fact H′ ∼= H(Sk) since they have the same dimension.

By taking W1 = W2 = V in Proposition 3.8(d) and acting by U diagonally, we see that each
σi ∈ EndU(V ⊗k) = HU,k. Thus, H(Sk) ⊂ HU,k, and since they have the same dimension,
they are isomorphic.

Corollary 3.11. As a (H(Sk)⊗ U)-module, we can write

V ⊗k =
⊕
λ`k

Vλ ⊗ Lλ,

where Vλ and Lλ are deformations of the representations of Sk and GLn corresponding to λ.
In particular, there is an equivalence of categories

Vλ 7→ Vλ ⊗H(Sk) V
⊗k = Lλ

from representations of H(Sk) to representations of Uq(gln) that appear in V ⊗k.

Proof. This follows from Theorem 3.10 and the Double Centralizer Theorem [GW09, Theo-
rem 4.1.13].

Remark 3.12. If k ≥ n, the same construction may be defined, but the centralizer of U is
a quotient nHk(q) of HU,k (see [Mar92, Theorem 1]).

Remark 3.13. In types B, C, and D, a similar duality exists, with the Hecke algebra replaced
with the BMW algebra (see [BW89], [Hu07]).
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4 Hecke Algebra Representation Theory

4.1 Tits’ Deformation Theorem

Tits’ Deformation Theorem is a remarkable result that says that the generic Hecke algebra
H is abstractly isomorphic both to its group algebra and to the Hecke algebra obtained by
specializing qs → q for most q ∈ C. What this means is that we can study the representation
theory of the generic Hecke algebra, and thus the all-parameters-equal Hecke algebra by
studying the representation theory of the group algebra.

Let q ∈ C, and consider the homomorphism qs 7→ q for all s ∈ S. Denote the corresponding
Hecke algebra by Hq. For most values of q (everything but 0 and nontrivial roots of unity),
Hq is split semisimple [GJ11].

Theorem 4.1 (Tits’ Deformation Theorem). [GP00, Theorems 7.4.6, 8.1.7] If Hq is split
semisimple, then H ∼= Hq ⊗C K. In particular, if q = 1 Hq = C[W ], so H ∼= K[W ].
Therefore, H and W have the same representation theory, so there exists a bijection χ 7→ χ′

of irreducible characters of H and W , where the map χ 7→ χ′ is induced by the specialization
qs 7→ 1.

The isomorphisms between H and K[W ] means that these algebras have “the same” rep-
resentation theory in a certain sense. In particular these algebras have the same branching
diagrams and the same character tables after specialization. Of course, this equality must
respect the isomorphism H ∼= K[W ], and in the next section we give a way of defining the
character table of H, so that after specialization qs 7→ 1 we obtain the character table of W .

Tits’ Deformation Theorem also justifies our flexibility to choose the parameters qs to be
generic or not, equal or unequal, depending on the needs of the context at hand.

Lusztig and others (see [Lus81], [Gec11]) have constructed the explicit isomorphism in all
types. From this one can construct a character formula, but the isomorphisms are complex,
and there are other ways of computing the character values. We mostly use Tits’ Deformation
Theorem to say that an isomorphism exists rather than refer to the actual map.

4.2 The Hecke Algebra Character Table

By Theorem 4.1, we can associate an irreducible character χ of H with an irreducible char-
acter of W , which we also call χ. This identification should not cause confusion since W
and H have the same representation theory, and when evaluating character values, we can
see whether the inputs are elements of W or H.
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Since H is an algebra, not every character value is given in a character table for the obvious
reason that there are infinitely many of them. In the case of a group algebra, we index the
columns of the character table by the conjugacy classes on the group, so every group element
corresponds to a column, and therefore we know the character values on a nice basis of the
algebra. If we just used Tits’ Deformation Theorem directly, we would obtain character
values on conjugacy classes of H× that form a basis of H, but Tits’ Deformation Theorem
doesn’t give us the explicit isomorphism, so this approach doesn’t give us a way to actually
compute characters on the elements Tw. On the other hand, character values on an element
Tw are not determined by the conjugacy class of w.

We can solve this problem by proving that Hecke algebra character values are constant on
elements of the form Tw where w is of minimal length in its conjugacy class (see Geck and
Pfeiffer in [GP00, §8.2]; first done by Starkey in Type A). Geck and Pfeiffer show how to
use these values to find the character values on every Tw. Thus, we can define the character
table of H to be the square matrix with rows corresponding to irreducible characters and
columns corresponding to conjugacy classes of W , and where the (χ,C)-entry is χ(wC), wC
any minimal length element of C. Since characters are trace functions, we can work modulo
[H,H]. Let CC(W ) be the set of conjugacy classes of W , and for each conjugacy class C of
W , let wC denote a minimal length element of C.

Theorem 4.2. [GP00, Proposition 8.2.7] If w ∈ W ,

Tw ≡
∑

C∈CC(W )

fw,CTwC mod [H,H],

where the fw,C ∈ Z[qs|s ∈ S], and

(a) If w is minimal length in C ′ ∈ CC(W ), then fw,C = δCC′,

(b) If w is not minimal length in its conjugacy class, then there exists some w′ with Tw ≡
Tw′ mod [H,H], and there exists some s ∈ S such that l(sw′s) < l(ws) < l(w′) and

fw,C = qsfsws,C + (qs − 1)fws,C .

Using this result, we have an inductive construction of the values χ(Tw) given the character
values χ(TwC ). Therefore, we can index the columns of our character table by the TwC . The
character table of H, so defined, is square, invertible, and under the specialization qs 7→ 1,
recovers the character table of W .
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4.3 Computing the Hecke Algebra Character Table via Parabolic
Subgroups

Now we present a set of formulas for the character table of H, the Murnaghan-Nakayama
rules. These are recursive formulas for the characters of the classical types, the name of
which is taken from the well-known Sn character formula. We build up the character table
of W from the character tables of its standard parabolic subgroups.

Recall the following from Section 2.3. Given partitions µ ⊂ λ, let ccλµ be the number of
connected components of λ− µ, and lλµ be the number of rows covered by λ− µ minus ccλµ.
We call λ− µ a hook if it doesn’t contain any 2× 2 blocks.

Theorem 4.3 (Murnaghan-Nakayama rule, type A). [GP00, Theorem 10.2.5] Let λ ` n,
and let W = Sn. Let w ∈ W satisfy w = w′sn−k+1sn−k+2 · · · sn−1 for some w′ ∈ Sn−k. Then

χλ(Tw) =
∑
µ⊂λ

(q − 1)cc
λ
µ−1(−1)l

λ
µqk−l

λ
µ−ccλµχµ(Tw′),

where the sum is over all partitions µ of n− k such that λ− µ is a hook.

Notice that setting q = 1 recovers the classical Murnaghan-Nakayama rule (Theorem 2.8).
We give an example computation of theH(S3) character table using the Murnaghan-Nakayama
rule in Appendix B.1.

Now let W = W (Bn), and define the following quantities. Let π = (π1, π2) be a double
partition of n, and let wπ ∈ W be a minimal-length element in Cπ. If π1 = ∅, let ε = 2, and
let ε = 1 otherwise. Let k be the last part of πε, and let ρ be the resulting double partition
of n− k obtaining by removing the last part of πε.

Let λ be a double partition of n, and let DP λ
π be the set of double partitions µ ⊂ λ where

λ ` n, µ ` n− k such that λ− µ is contained in either λ1 or λ2, and furthermore, λ− µ is a
horizontal strip if ε = 1 and a hook if ε = 2.

Let q := qs, Q := qt, where in the expression W (Bn) = Sn o C2, s ∈ Sn, t ∈ C2. Let dλµ be
the content of the box directly under λ − µ, and let Qτ(λ−µ) be defined in the case where
λ− µ is a hook to be Q if λ− µ ⊂ λ1, and −1 if λ− µ ⊂ λ2.

Then we have the following formula:

Theorem 4.4 (Murnaghan-Nakayama rule, type B). [Pfe97, Theorem 13.4]

χλ(Twπ) =

{∑
µ∈DPλπ

(q − 1)cc
λ
µ−1(−1)l

λ
µqk−l

λ
µ−ccλµχµ(twρ), if ε = 1∑

µ∈DPλπ
Qτ(λ−µ)(−1)l

λ
µqn+d

λ
µχµ(Twρ), if ε = 2,
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Let (α, β) ` n. Consider the character χ(α,β) of W (Bn), and its restriction χ′(α,β) to W (Dn).

Recall the following from Theorem 2.4. The irreducible representations of W (Dn) all arise
from restrictions of irreducible representations of W (Bn). If α 6= β, then χ′(α,β) is irreducible,
and χ′(α,β) = χ′(β,α)

If α = β, χ′(α,α) splits into two unequal irreducible characters, which we call χ(α,+) and χ(α,−).
In particular, n is even, and α ` n

2
.

Theorem 4.5 (Murnaghan-Nakayama rule, type D). [GP00, §10.4]

If α 6= β, then
χ′(α,β) = χ′(β,α) = (χ(α,β))Q 7→1.

Now if γ ` n has all parts even, and γ′ ` n
2

is the partition with γ′i = 1
2
γi, let T ′γ′ be the

element of H(Sn/2) corresponding to w′γ, but with parameter q2. Then

χ(α,±)(Tw(γ,∅)) =
1

2

(
χα,α(Tw)± (q + 1)mχα(T ′γ′)

)
.

Finally, if w is a representative not of this form, then

χ(α,±)(Tw) =
1

2
χ(α,α)(Tw).

4.4 Computing the Hecke Algebra Character Table via Deforma-
tion of the Group Character Table

Although the Murnaghan-Nakayama rules give us the Hecke algebra character table, we
might also look for a combinatorial formula

We can also use Tits’ Deformation Theorem more directly: using the construction of Section
4.2, the Hecke algebra character table specializes to the group algebra character table. Let
χ be an irreducible character of H, and w ∈ W be a minimal element in its conjugacy class.
This gives us two ways to express the Hecke algebra character table.

Proposition 4.6. χ(Tw) is given by polynomials in the qs:

χ(Tw) =
∑
ij

aχ;i1,...,inq
ij
si
,

where χ(w) =
∑
ij

aχ;i1,...,in

 .

Or by the orthogonality of the Coxeter group character table:
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Proposition 4.7.

χ(Twλ) =
∑
ν`n

χ(wν)p
ν
λ, (pνλ ∈ K) .

Starkey’s Rule takes the tactic of Proposition 4.7. It was the first Hecke algebra character
table result, proven by Starkey in his 1975 PhD thesis at the University of Warwick. Starkey
gave the first conception of a Hecke algebra character table, and gave a combinatorial formula
for type A, using the associated character of the Weyl group.

Let (ρ, V ) be the reflection representation of W = Sn. Let λ ` n, and let wλ ∈ W be a
minimal-length element in the conjugacy class Cλ. In particular, due to the cycle structure
of permutations, wλ is a Coxeter element of the parabolic subgroup Wλ. Let (ρλ, Vλ) be the
reflection representation of Wλ.

See [GP00, §3.4] for a description of the labelling of the characters and conjugacy classes.

Theorem 4.8 (Starkey’s Rule). [Gec99, Theorem 3.1]

χ(Twλ) =
∑
ν`n

χ(wν)p
ν
λ,

where

pνλ =
|Cν ∩ Sλ|
|Sλ|

det(q · idVλ − ρλ(wν)).

By [GP00, §7.3.11], the characters of H form a basis for the trace functions on H. Therefore,
the character tables of W and H are both invertible matrices over K of the same size, and
thus Starkey’s Rule is really a computation of the pνλ. That these coefficients have a simple
form for general n, λ, ν is not obvious from the start, and the multiplicative structure of
the determinant allows us to prove the formula by induction from parabolic subgroups (see
Section 5).

Starkey’s thesis was unpublished, and our proof is due to Geck and Pfeiffer. This proof
makes up a main part of this paper. In particular, we explore the possibility of computing a
similar formula for other types. For general W not every conjugacy class contains a Coxeter
element of a standard parabolic subgroup, and this ends up being a major roadblock in
extending the formula.

We give an example computation of the H(S3) character table using Starkey’s rule in Ap-
pendix B.2.

Geck and Pfeiffer [GP00, §11.5] use the tactic of Proposition 4.7, and give a method of
computing Hecke algebra character tables that is perhaps the least elegant, but has the
virtue of working in all types.
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Let Hv be the image of H under the specialization qs 7→ v2cs for some values cs ∈ Z≥1.
We will consider characters of this algebra, and it’s possible from this to find the character
values of H by using different combinations of the cs. By [GP00, Corollary 9.4.2], χ(Tw) is
a polynomial in v with bounded degree (see [GP00, Corollary 9.4.2]). We write

χ(Tw) =
l∑

j=1

aχ,w,jv
j.

Thus we have l|CC(W )|2 unknown constants, so Geck and Pfeiffer set up linear equations
to uniquely determine the aχ,w,j. These equations come from a wide range of results about
Hecke algebras and their characters, such as induction from parabolic subalgebras, chains
of parabolic subgroups, specialization to 1 and other roots of unity, generic degrees, and
p-blocks of the Weyl group.

This procedure was used in the first computation of the character table of H(E8) by Geck
and Michel [GM97], [Gec+96].

5 Proof of Starkey’s Rule

In this section, we go through a mostly complete proof of Starkey’s rule. Particular care is
paid to the generality of each result. In order to generalize this proof, we would need to apply
each result to types other than type A. However, Propositions 5.8 and 5.12 in particular are
bottlenecks.

5.1 The Braid Monoid

We start with a relation in the braid monoid that gives us the corresponding relation in the
Hecke algebra.

Both K[W ] and H are quotients of the braid monoid algebra K[B+]. On the other hand,
by Matsumoto’s Theorem [GP00, Theorem 1.2.2], there is a unique map of sets from W to
B+ that sends every element of S to itself and preserves the braid relations. Let B+(w)
denote the element of B+ corresponding to w under this map; we can think of B+(W ) as
corresponding to W . A corollary of Matsumoto’s Theorem is that a reduced expression for
an element w ∈ W is also an expression for B+(w) in B+. So when we want to find out if a
relation in W holds in H, our main technique is to check it in B+.

Let wc be a Coxeter element of W , and let w0 be the longest element. Let h = |wc| be the
Coxeter number of W .
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Proposition 5.1. B+(wc)
h = B+(w0)

2.

Proof. We sketch the proof here. The full result is [GP00, Proposition 4.3.4].

First assume that wc = w1w2 where w1 and w2 are each products of simple reflections with
the property that every simple reflection in w1 (resp. w2) commutes with every other simple
reflection in w1 (resp. w2). W contains such an element since every Dynkin diagram of a
finite Coxeter group is cycle free.

Note that w1 and w2 are both involutions, and therefore 〈w1, w2〉 is a dihedral group of order
2h. In particular, P (w1, w2;h) = P (w2, w1;h). Set w′0 to be this element; one can show by
induction and looking at the sub-root-system coming from 〈w1, w2〉 that these expressions
are reduced. Since every simple reflection of w1 (resp. w2) commutes with every other, we
can write a reduced expression for w′0 with any s ∈ S as its first factor. Thus, l(sw′0) < l(w′0)
for any s ∈ S, so w′0 = w0. Since P (w1, w2;h) = P (w2, w1;h) are reduced expressions, by
Matsumoto’s Theorem,

B+(w0)
2 = B+(P (w1, w2;h)) ·B+(P (w2, w1;h)) = (B+(w1)B

+(w2))
h = B+(wc)

h.

Now suppose that w′c is another Coxeter element. It is possible to show that wc and w′c are
“conjugate in the braid group”, which implies that xwmc = w′mc x for some x ∈ B+. One can
show that B+(w0)

2 is in the center of B+ and that B+ has the cancellation property, so we
must then have B+(w0)

2 = B+(wc)
h.

5.2 The Main Argument

We follow [GP00]. The first key step is a result by Springer that gives the action of the
central element T 2

w0
in a representation affording χ. This allows us to find a formula for

the character value of Twc in terms of exterior powers of the reflection representation of Sn,
where wc is a Coxeter element, and then Frobenius reciprocity takes us the rest of the way.
The fact underlying this last step is that every conjugacy class of Sn contains a minimal
length element that is a Coxeter element of a standard parabolic subgroup. This assertion
does not hold for type B unless we expand our class of subgroups to all reflection subgroups,
and this is what keeps a similar argument from working for that group.

Our result is in type A, but we will aim to keep the maximal generality for as long as possible,
so for now let (W,S) be any Coxeter group, with generic Hecke algebra H (see Section 4.1).

Let χ ∈ Irr(KH), and suppose ρ is an irreducible representation with character χ. Let S ′ be
a set of representatives of S under W -conjugacy and Ns be the number of total times any
s′ ∼ s appears in a reduced word for w0 (well-defined by Matsumoto’s Theorem).
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With these quantities defined, we can state and prove the Springer result on the action of
T 2
w0

.

Proposition 5.2 (Springer). T 2
w0

acts by the scalar

zχ :=
∏
s∈S′

qfss , fs := Ns

(
1 +

χ(s)

χ(1)

)
.

Proof. B+(w0)
2 is central in the braid monoid, so T 2

w0
is central in H, and thus acts by a

scalar zχ. Thus we have det(ρ(T 2
w0

)) = zmχ , where m = χ(1). Take a reduced expression
w0 = si1 · · · siN , and then

zmχ = det(ρ(Tsi1 ))2 · · · det(ρ(TsiN ))2

since the quadratic relation does not occur in a reduced expression.

Now, to compute det(ρ(Ts)), note that the the quadratic relation tells us that T 2
s = qsT1 +

(qs−1)Ts, so if e is an eigenvalue of ρ(Ts), then e2 = qs+(qs−1)e; in other words, e = −1 or
qs. We can write the multiplicity of −1 as ks and of qs as hs, and then χ(1) = χ(T1) = ks+hs
and χ(Ts) = hsqs − ks, so χ(s) = hs − ks. Therefore, hs = χ(1)+χ(s)

2
and ks = χ(1)−χ(s)

2
, and

det(ρ(Ts)) = (−1)ksqhss .

Then we have

zmχ =
n∏
i=1

(−1)2ksiq
2hsi
si =

∏
s∈S′

qNs(χ(1)+χ(s))s =
∏
s∈S′

qmNs(1+χ(s)/χ(1))s =
∏
s∈S′

qmfss .

By taking m-th roots, we have the result up to a root of unity, so zχ = ζ
∏

s∈S′ q
fs
s for some

ζ ∈ C. Specializing qs 7→ 1, we see that w2
0 = 1 acts by the scalar ζ, which must therefore

equal 1.

Proposition 5.2 is our foothold, and we use it to prove the following result by Broué and
Michel that gives a formula for character values at certain elements.

Proposition 5.3 (Broué-Michel). Suppose w ∈ W with |w| = d, and T dw = T 2r
w0

for some r.
Let e be the exponent of W , so that in particular e/d is an integer, and let νs be an e-th root
of qs in KH. Then

χ(Tw) = χ(w)
∏
s∈S′

νfsre/ds .
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Proof. Let λ1, . . . , λm be the eigenvalues of Tw in a representation afforded by χ. Then since
T dw = T 2r

w0
, λd1, . . . , λ

d
m are the eigenvalues for T 2r

w0
; by Lemma 5.2, they are all equal to zrχ.

Thus, for d-th roots of unity ζi,

χ(Tw) =
m∑
i=1

ζi
∏
s∈S′

νfsre/ds ,

and specializing q 7→ 1 gives us χ(w) =
∑m

i=1 ζi, so

χ(Tw) = χ(w)
∏
s∈S′

νfsre/ds .

Starkey’s Rule in the Coxeter element case comes about by interpreting the pieces of Propo-
sition 5.3. The next three lemmas are facts we will need about Coxeter groups on the way
to this result.

Lemma 5.4. T hwc = T 2
w0

.

Proof. This follows from Proposition 5.1 since these elements are equal in the braid monoid.

Lemma 5.5. Let Ms be the number of elements of S conjugate to s. Then Ns = hMs

2
.

Proof. Given two roots α and β in the root system corresponding to W , the simple reflections
sα, sβ ∈ S corresponding to these roots are conjugate by some element w ∈ W if and only
if w sends α to β. Let’s call two roots similar if the reflections corresponding to them are
conjugate. Thus, in a reduced expression si1 · · · sim for some element w ∈ W , the number of
sik conjugate to some sα ∈ S is equal to the number of positive roots similar to α that w
sends to negative roots. In particular, Nsα is the number of positive roots similar to α.

Recall from the proof of Proposition 5.1 that w0 = P (w1, w2;h) = P (w2, w1;h), where w1

and w2 are particular elements of W where w1w2 = wc. Since the two products are equal
and both reduced, they must have the same number of simple reflections conjugate to s. So
by averaging these numbers, we see that Ns = hMs

2
.

Lemma 5.6. Let ρ be a degree-n representation of a group G, and let χ(d) be the character
of the d-th exterior power of ρ. Then for all g ∈ G,

det(q − ρ(g)) =
n∑
d=0

(−1)dχ(d)(g)qn−d.
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Proof. The left side is the characteristic polynomial of ρ(g), and so the coefficient of qn−d

is (−1)d times the d-th elementary symmetric polynomial in the eigenvalues of ρ(g). But
χ(d)(g) is exactly the d-th elementary symmetric polynomial in the eigenvalues of ρ(g), so
the expressions are equal.

Now for each s ∈ S ′, let (Ws, Ss) be the parabolic subgroup of (W,S) generated by all
simple reflections conjugate to s. Define the representation (ρs, Vs) to be the reflection
representation ofWs. Except in Type F4, we will show that we can view Vs as a representation
of W by showing that there is a surjective map W → Ws. Define a map S → Ss by s′ 7→ s′

if s′ ∼ s and s′ 7→ 1 otherwise. To show this map is well-defined, we need to show that the
kernel of the map doesn’t intersect Ws. This follows from the next lemma.

Lemma 5.7. Suppose W is not of Type F4. Let Ss = S \Ss. Then no nontrivial element of
〈Ss〉 is conjugate to any element of 〈Ss〉.

Proof. If |S ′| = 1, the result is trivial, so assume |S ′| > 1. Since by assumption, W 6= F4,
we know that (without loss of generality), Ss = {t}. So we need only show that t is not
conjugate to any expression si1 · · · sin .

If s′ ∈ Ss, then ms′t must be even; otherwise s = P (t, s′; 2ms′t−1), and s′ must be conjugate
to t since 2ms′t− 1 ≡ 1 mod 4. This means that in any expression for an element of W , the
parities of the numbers of the simple reflections in Ss and Ts are invariant. In particular,
for an element of 〈Ss〉 to be conjugate to something in 〈Ss〉, its length must be even, but
l(t) = 1.

With this definition, we can give the following formula for the character values at a Coxeter
element of a type A or B Coxeter group.

Proposition 5.8. Let W be of Type A or Type B. Then

χ(wc) =

{
(−1)

∑
ds , χ =

⊗
s∈S′ χ

(ds)
s

0, otherwise.
.

Proof. Suppose that χ =
⊗

s∈S′ χ
(ds)
s , and first suppose |S ′| = 1 (so W is type A). By

Lemma 5.6, χ(wc) = (−1)d times the n − d-th coefficient of det(q − ρ(wc)), where ρ is the
reflection representation of W . By [GP00, §3.4.3], det(q − ρ(wc)) = qn−1 + · · · + q + 1,
so χ(wc) = (−1)d. In the case |S ′| > 1, χ is a tensor product of characters of reflection
representations, so χ(wc) =

∏
s∈S′(−1)ds = (−1)

∑
ds .

Now consider characters not of the above form. By the character table orthogonality re-
lations,

∑
χ∈Irr(W ) χ(wc)

2 = |C(wc)| = h (by [Car72, Proposition 30]), where C(wc) is the
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centralizer of wc. In type An, h = n + 1 and in Type Bn, h = 2n. We already have this
many characters with value ±1 at wc, so every other χ(wc) must be 0.

Now we are ready to prove the Coxeter element case of Starkey’s Rule in types A and B.

For every s ∈ S ′, let (ρs, Vs) be as above, and let χ
(d)
s denote the character of the d-th exterior

power of Vs.

We show that both sides of the formula are equal to:{
(−1)

∑
ds
∏

s∈S′ q
Ms−ds
s , if χ =

⊗
s∈S′ χ

(ds)
s for some {0 ≤ ds < Ms : s ∈ S ′}

0, else.

Lemma 5.9. We have the following formula:

1

|W |
∑
w∈W

χ(w)
∏
s∈S′

det(qs · idVs − ρs(w))

=

{
(−1)

∑
ds
∏

s∈S′ q
Ms−ds
s , if χ =

⊗
s∈S′ χ

(ds)
s for some {0 ≤ ds < Ms : s ∈ S ′}

0, else.

Proof. By Lemma 5.6,

det(qs · idVs − ρs(w)) =
Ms∑
d=0

(−1)dχ(d)
s (w)qn−d−1

for all s ∈ S ′, so

1

|W |
∑
w∈W

χ(w)
∏
s∈S′

det(qs · idVs − ρs(w))

=
1

|W |
∑
w∈W

χ(w)
∏
s∈S′

Ms∑
ds=0

(−1)dsχ(ds)
s (w)qMs−ds

s

=
∑

ds=0,1,...,Ms

1

|W |
∑
w∈W

χ(w)(−1)
∑
ds

(∏
s∈S′

χ(ds)
s (w)qMs−ds

s

)

=
∑

ds=0,1,...,Ms

(−1)
∑
ds

1

|W |
∑
w∈W

χ(w)(
⊗
s∈S′

χ(ds)
s )(w)

(∏
s∈S′

qMs−ds
s

)

=

{
(−1)

∑
ds
∏

s∈S′ q
Ms−ds
s , if χ =

⊗
s∈S′ χ

(ds)
s for some {0 ≤ ds < Ms : s ∈ S ′}

0, else.
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Proposition 5.10 (Coxeter Case, Type A and B). Let W be of type A or B, and consider
the case Wλ = W , and wλ = wc is a Coxeter element of W . In this case,

χ(Twc) =
1

|W |
∑
w∈W

χ(w)
∏
s∈S′

det(qs · idVs − ρs(w)).

Proof. Lemma 5.9 tells us that

1

|W |
∑
w∈W

χ(w)
∏
s∈S′

det(qs · idVs − ρs(w))

=

{
(−1)

∑
ds
∏

s∈S′ q
Ms−ds
s , if χ =

⊗
s∈S′ χ

(ds)
s for some {0 ≤ ds < Ms : s ∈ S ′}

0, else.

Now, by Lemmas 5.4 and 5.3,

χ(Twc) = χ(wc)
∏
s∈S′

νfse/hs = χ(wc)
∏
s∈S′

νNs(1+χ(s)/χ(1))e/hs .

By Lemma 5.8, χ(wc) = 0 unless χ =
⊗

s∈S′ χ
(ds)
s for some 0 ≤ ds ≤ Ms, so we assume χ is

such a tensor product. By [GP00, §5.2.1, Lemma 5.1.2], χ(s) =
((

Ms−1
ds

)
−
(
Ms−1
ds−1

))∏
t∈S′,t 6=s

(
Mt

dt

)
and χ(1) =

∏
t∈S′

(
Mt

dt

)
. Thus,

1 +
χ(s)

χ(1)
= 1 +

(
Ms−1
ds

)
−
(
Ms−1
ds−1

)(
Ms

ds

) =
2
(
Ms−1
ds

)(
Ms

ds

) =
2(Ms − ds)

Ms

.

By Lemma 5.8, χ(wc) = (−1)
∑
ds . By Lemma 5.5 Ns = hMs

2
. Therefore, in this case

χ(Twc) = (−1)
∑
ds
∏
s∈S′

qMs−ds
s ,

so both sides of our expression are equal to{
(−1)

∑
ds
∏

s∈S′ q
Ms−ds
s , if χ =

⊗
s∈S′ χ

(ds)
s for some {0 ≤ ds < Ms : s ∈ S ′}

0, else.

Now that we have gotten the character formula for Coxeter elements, we use the inductive
structure of our formula to stretch the formula to all Coxeter elements of standard parabolic
subgroups. In Type A, this gives the entire character table.
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Lemma 5.11. Let W = W1 × W2 be a Coxeter group with Hecke algebra H. If H1,H2

are the generic Hecke algebras for W1,W2, then the character table for H is the Kronecker
product of the character tables for H1 and H2.

Proof. If ρ1 and ρ2 are irreducible representations of W1 and W2, respectively, then ρ1 ⊗ ρ2
is an irreducible representation of W , and a counting argument tells us that this gives
all the irreducible representations of W . Thus, since K[W ] ∼= H, this construction (now
taking ρ1, ρ2 to be representations of H1,H2) also gives all the irreducible representations
of H. In addition, the minimal conjugacy class representatives w of W are just products
w = w1w2 where w1, w2 are minimal conjugacy class representatives in W1,W2. We must
have l(w) = l(w1) + l(w2), so Tw = Tw1Tw2 . Therefore, if ρ = ρ1 ⊗ ρ2, w = w1w2, then
ρ(Tw) = ρ(Tw1Tw2) = ρ1(Tw1)⊗ ρ2(Tw2), and so χ(Tw) = χ1(Tw1)χ2(Tw2).

Now let W ′ =
⊕k

i=1Wi be a standard parabolic subgroup of W , which each Wi is an
irreducible Coxeter group. Given an irreducible character ψ of W ′, let ψi denote ψ|Wi

,
thought of as a character on W ′. Likewise, for w ∈ W ′, let wi denote the element of W that
is the identity in W ′/Wi and equal to w in Wi.

Lemma 5.12. Given some w ∈ W ′, suppose we know that for all irreducible characters ψi
of each Wi that

ψi(Twi) =
1

|Wi|
∑
x∈Wi

ψi(x)Di(x)

for some functions Di : Wi → K (dependent on w). Then if χ is now a character of W , we
have

χ(Tw) =
1

|W ′|
∑
y∈W ′

χ(y)D(y),

where D(y) :=
∏

iDi(yi).

Proof. Let ψ be an irreducible character of W ′. Then ψ =
∏k

i=1 ψi. We get∏
i

1

|Wi|
∑
x∈Wi

ψ(x)Di(x) =
1

|W ′|
∑
y∈W ′

ψ(y)
∏
i

Di(yi) =
1

|W ′|
∑
y∈W ′

ψ(y)D(y).

On the other hand, ψ(Tw) =
∏

i ψi(Twi) by Lemma 5.11. Thus we have

ψ(Tw) =
1

|W ′|
∑
y∈W ′

ψ(y)D(y).
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Now let m(χ, ψ) be the multiplicity of ψ in χ|W ′ . Then we have

χ(Tw) =
∑

ψ∈Irr(KH′)

m(χ, ψ)

(
1

|W ′|
∑
y∈W ′

ψ(y)D(y)

)

=
1

|W ′|
∑
y∈W ′

D(y)

 ∑
ψ∈Irr(KH′)

m(χ, ψ)ψ(y)


=

1

|W ′|
∑
y∈W ′

D(y)χ(y).

Proof of Starkey’s Rule. By Lemma 5.10,

χ(Twc) =
1

|W |
∑
x∈W

χ(x)
∏
s∈S′

det(qs · idVs − ρs(x)),

so Lemma 5.12 tells us that for any w ∈ W that is a product of Coxeter elements of standard
parabolic subgroups (w = wc1 · · ·wcn),

χ(Tw) =
1

|W ′|
∑
y∈W ′

χ(y)D(y)

=
1

|W ′|
∑
y∈W ′

χ(y)
n∏
i=1

∏
s∈S′

det(qs · idVs − ρs(yi))

=
1

|W ′|
∑
y∈W ′

χ(y)
∏
s∈S′

n∏
i=1

det(qs · idVs − ρs(yi))

=
1

|W ′|
∑
y∈W ′

χ(y)
∏
s∈S′

det(qs · idVs − ρs(y)).

Every conjugacy class of Sn has a minimal element of this form, so the result is proven for
all conjugacy classes.

5.3 What We Know in Other Types

The proof of Starkey’s Rule in the previous section gets us more than just type A: in type B
it provides a formula for the character values at Twλ if wλ is a Coxeter element of a standard
parabolic subgroup of W . The reason the proof works for type A is that every conjugacy
class of Sn has a minimal element of this form, but this is not the case for type B.
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In types other than A or B, this proof does not work since Lemma 5.8 is no longer true.
Theorem 4.5 lets us compute irreducible character values in type D from those in type B,
but we won’t attempt this here since our results for type B are incomplete.

In this section, we will explore the difficulties in extending Starkey’s Rule to type B, and
also mention what is known about the existence of such a combinatorial formula.

First, our proof of Starkey’s Rule gives us the following partial result in type B:

Proposition 5.13. Let W be a Coxeter group, let H be the generic Hecke algebra of W , and
let χ be an irreducible character of H. Let wλ be a minimal length element in Cλ ∈ CC(W ).
Then

χ(Twλ) =
∑

ν∈CC(W )

χ(wν)p
ν
λ.

If W = W (Bn) and λ contains a Coxeter element of a standard parabolic subgroup Wλ of
W , then

pνλ =
|Cν ∩Wλ|
|Wλ|

∏
s∈S′

det(qs · idVs − ρs(wν)).

The conjugacy classes of W (Bn) for which Proposition 5.13 applies are those indexed by the
double partition (λ1, λ2) ` n where λ2 has at most one part [GP00, § 3.4]. So as n gets
larger, Proposition 5.13 determines a smaller and smaller portion of the character table.

What can we say about pνλ in the case that it is not known? Lemma 5.12 tells us that pνλ = 0
if there exists a standard parabolic subgroup containing an element of Cλ but not Cν . On
the other hand, computational evidence suggests that pνλ 6= 0 otherwise. In fact, the quantity
|Wλ|
|Cν∩Wλ|

pνλ is a monic polynomial in q for (at least) W = W (Bn), n ≤ 4.

By orthogonality of group characters, we know that the specialization (pνλ)qs 7→1 = δλν . Ad-
ditionally, by [GP00, Corollary 9.4.2], pνλ must be a polynomial in the

√
qs with coefficients

in C, and if W is of classical type, then pνλ is a polynomial in the qs with coefficients in Q
[GP00, §9.3.4a].

In types other than type A, not every conjugacy class of W contains a Coxeter element
of a standard parabolic subgroup as a minimal-length element. This is what allowed us
to use Proposition 5.3 in the previous section. Using reflection subgroups in general runs
into problems because this removes our concept of a length function, and because parabolic
induction no longer applies. Still, this approach has promise if these difficulties can be
overcome.

Every conjugacy class that is cuspidal (not contained in a proper standard parabolic sub-
group) of a Coxeter group of classical type does contain a minimal element that is “good”
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[GP00, Definition 4.3.1], which can be seen as a generalization of a Coxeter element. How-
ever, the analogue to T 2

w0
is no longer central, so we cannot do the same proof since the

action in Proposition 5.2 is no longer scalar. It is conceivable that more careful analysis of
these elements could produce a type B formula.

See Appendix A for a table of the pνλ for W (B3).

5.4 Application: Ocneanu’s Trace

Starkey’s rule has perhaps a surprising application to Ocneanu traces, which are useful in
the study of Jones’ invariant of knots and links, and in the classification of von Neumann
algebras, which are important spaces of bounded operators on Hilbert spaces.

A von Neumann algebras can be classified by looking at its “factors” (the building blocks
of a von Neumann algebra), and an important question is to classify a given factor by its
“type”, and Ocneanu’s trace can be used as a tool in this classification. The weights of
Ocneanu’s trace involve Schur functions, and the positivity properties of Schur functions
lead to positivity properties of the trace, which allow us to construct subfactors.

Let M1 be a von Neumann factor of a Hilbert space, and let M0 be a subfactor of M1. M1 is
said to be a Type II1 factor if there exists a trace function τ on M1, and this trace restricts
to a trace on M0, which is thus also a Type II1 factor. Jones [Jon83] was able to use this
factor-subfactor pair to create a nested sequence of Type II1 factors M0 ⊂ M1 ⊂ M2 ⊂ · · · ,
where Mn is generated as an algebra by M0 and a particular algebra Jn. Jn is generated
by projections, called “conditional expectations” from Mn+1 →Mn, and can also be viewed
as a quotient of the Hecke algebra Hn of type An (and therefore of the corresponding Artin
braid group). The parameter q that appears in Hn and Jn, is related to the index of Mn in
Mn+1 (which is independent of n).

The trace on Mn is the same as the trace on Mn+1 under restriction, so we may view τ as
a trace on M∞ =

⋃
Mn. When we restrict τ to Jn, the result is a Markov trace: whenever

h ∈ Hn−1, τ(hTsn) = z(q)τ(h), where z(q) is a function only of q.

Jones used this construction to define the Jones polynomial, which is a scalar multiple of
τ(h) where h is the image of a braid in Jn. This polynomial, when seen as a function on
braids, is an invariant of the associated knot/link (see [Jon83] or [Bir97]).

Ocneanu and others independently [Fre+85] extended Jones’ construction to the two variable
case. The resulting polynomial is called the HOMFLYPT polynomial, and it specializes to
both the Jones polynomial, and the Alexander-Conway polynomial [Fre+85, p. 240]. The
construction of the HOMFLYPT polynomial replaces Jn with Hn, and the resulting trace is
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called an Ocneanu trace.

Now take H := Hn−1. A trace function τ on H is an Ocneanu trace with parameter z ∈ K
if τ(T1) = 1 and τ(TwTsm) = zτ(Tw) for any sm ∈ S and W = 〈s1, . . . , sm−1〉. For every
z ∈ K, there exists a unique Ocneanu trace with parameter z, which we call τz.

To see this, take wµ to be the element s1s2 · · · sµ1−1sµ1+1 · · · sµ1+µ2−1sµ1+µ2+1 · · · ; wµ is a
Coxeter element of Sµ and a minimal element of Cµ. From this, we have that τz(Twµ) = zl(wµ),
and since these elements form a complete set of minimal representatives of the conjugacy
classes of H, this determines τz, and every Ocneanu trace has this form.

The irreducible characters χλ of H are a basis of the space of trace functions on H (since
this is also true for K[W ] ∼= H), and so we can write

τz =
∑
λ`n

wλ(z)χλ

for some structural constants wλ(z) ∈ K. We call these constants the weights of τz.

As an application of Starkey’s Rule, we can determine these weights, by the argument of
Geck and Jacon [GJ03].

Given λ ` n, let x be a box in the diagram of λ and let c(x) be its content, h(x) to be its
hook length, and n(λ) =

∑
i(i− 1)λi. We have the following formula for the weights of τz:

Theorem 5.14.

wλ(z) = qn(λ)
∏
x∈λ

q − 1 + z(qc(x) − 1)

qh(x) − 1

We will need the following lemma (see [GJ03, p. 4]):

Lemma 5.15.

qn(λ)
∏
x∈λ

q − 1 + (qc(x) − 1) q
r(1−q)
1−qr

qh(x) − 1
=

(
1− q
1− qr

)n
sλ(1, q, . . . , q

r−1)

Proof of Theorem 5.14. We must show that

zl(wµ) =
∑
λ`n

(
qn(λ)

∏
x∈λ

q − 1 + z(qc(x) − 1)

qh(x) − 1

)
χλ(Twµ)

for all z ∈ K,µ ` n. We can consider both sides of the equation to be polynomials in z, so
the equation defines a one-dimensional algebraic variety, and so it is sufficient to show the
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equality for the infinitely-many elements

zr := qr
1− q
1− qr

, r ∈ N, r ≥ n.

By Lemma 5.15, we need to show

qrl(wµ)
(

1− qr

1− q

)n−l(wµ)
=
∑
λ`n

sλ(1, q, . . . , q
r−1)χλ(Twµ).

Note that l(µ) = n− l(wµ) since wµ is a Coxeter element of a parabolic subgroup of Sn with
n− l(wµ) parts. We have∑

λ`n

sλ(1, q, . . . , q
r−1)χλ(Twµ) =

∑
λ`n

sλ(1, q, . . . , q
r−1)

∑
ν`n

pνµχλ(wν) (Starkey’s Rule)

=
∑
ν`n

pνµ
∏
i≤l(ν)

(
1 + qνi + · · ·+ q(r−1)νi

)
(Lemma 2.7)

=
∑
ν`n

pνµ
∏
i≤l(ν)

qrνi − 1

qνi − 1
.

We can write the formula for pνµ in Starkey’s Rule as

pνµ(q) =
|Cν ∩ Sµ|
|Sµ|

(q − 1)−l(µ)
∏
i≤l(ν)

(qνi − 1)

(see [GP00, §3.4.3, Exercise 3.11]), so

∑
ν`n

pνµ(q)
∏
i≤l(ν)

qrνi − 1

qνi − 1
=
|Cν ∩ Sµ|
|Sµ|

∑
ν`n

(q − 1)−l(µ)

 ∏
i≤l(ν)

(qνi − 1)

 ∏
i≤l(ν)

qrνi − 1

qνi − 1


=
|Cν ∩ Sµ|
|Sµ|

(q − 1)−l(µ)
∑
ν`n

∏
i≤l(ν)

(qrνi − 1)

=

(
1− qr

1− q

)l(µ)∑
ν`n

pνµ(qr)

Therefore, to conclude we just need to show that

qrl(wµ) =
∑
ν`n

pνµ(qr).

But this is just the assertion of Starkey’s Rule on the “trivial representation” of H (which
sends Tw 7→ ql(w)), but replacing q by qr.
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This weight computation was done first by Ocneanu (unpublished; see [Wen88] and [Jon87,
§4]). Ocneanu traces have also been classified in type B and type D [GL04]. Those weights
were computed by Orellana [Ore98]. One reason a generalized Starkey’s rule would be
applicable is it might give us a nice proof of these weights which would be computationally
simpler.

6 Future Research Directions

6.1 Starkey’s Rule

In Section 5, we showed that an analogous formula to Starkey’s Rule exists for certain
columns of the character table in type B. Namely, if W is a type B Coxeter group and χ is
an irreducible character of H(W ), then Proposition 5.13 is a new result giving us a formula
for χ(Tw) for any w ∈ W that is a Coxeter element of a standard parabolic subgroup of W .

I am working to further extend Starkey’s rule to the full type B Hecke algebra character table.
To be more precise, by Proposition 4.7, determining the pµλ is equivalent to determining the
character table. So my broad goal is to give a closed-form expression for the pµλ, but I am
particularly looking for a “Starkey-like” formula in the sense that it has the approximate
form

pµλ =
|Cµ ∩W (λ)|
|W (λ)|

d(wµ),

where W (λ) is some reflection subgroup of W depending on λ, and d(wµ) is a monic poly-
nomial in the qs whose coefficients involve the representations of W (λ) evaluated at wµ, and
that is multiplicative over direct products. In Starkey’s rule, this polynomial is the charac-
teristic polynomial of the reflection representation of Sλ evaluated at wµ, so we may hope
to involve reflection representations in a generalized formula too. The desired multiplicative
structure for pµλ would allow us to compute character values on a subset of elements (perhaps
via Proposition 5.3), and then use Lemma 5.12 to prove the formula for the whole group.

The reason the type A proof of Starkey’s rule does not give an analogous formula for type
B is that in W (Bn) not every conjugacy class contains a minimal-length element that is a
Coxeter element of a standard parabolic subgroup. Coxeter elements formed the “base” of
induction in our proof of Starkey’s Rule in Section 5. There are two main ongoing promising
directions to make progress towards a solution.

First, one can loosen our class of elements from Coxeter elements to a larger set of elements
of W (Bn) that intersects every cuspidal conjugacy class. If we can prove a nice enough
formula for these elements, Lemma 5.12 will give us the character table for the whole group.
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Possible candidates for these elements are “good elements” as defined by Geck and Pfeiffer
(see [GP00, §4.3]) or “quasi-Coxeter elements” as defined by Gobet (see [Gob16]).

The generator Tw0 corresponding to the longest element of W (which is alone in its conjugacy
class) also satisfies Lemma 5.3, and so

χ(Tw0) = χ(w0)
∏
s∈S′

νnMs(1+χ(s)/χ(1))e/2
s .

If χ =
⊗

s∈S′ χ
(ds)
s , computations similar to those in Proposition 5.10 give us the formula:

χ(Tw0) =
∏
t∈S′

(
Mt

dt

)
· (−1)

∑
ds
∏
s∈S′

qn(Ms−ds)
s ,

which is similar to the formula given for χ(Twc) near the end of the proof of Proposition
5.10. So this suggests that there may be a “Starkey-like” formula for this element too (and
therefore for longest elements of parabolic subgroups).

Second, we may expand the set of subgroups we consider beyond just the standard parabolic
subgroups. Every conjugacy class of W (Bn) does contain a minimal length Coxeter element
of a reflection subgroup isomorphic to W (An) or W (Bn) [GP00, Proposition 3.4.7]. These
subgroups are not necessarily parabolic (conjugate to a standard parabolic subgroup). So
we can calculate the character values on these elements within those subgroups, but our
induction procedure from Lemma 5.12 must be expanded to work with these more general
subgroups.

6.2 Hecke Algebras of Finite Renner Monoids

This work started in the UMN Algebra and Combinatorics REU this past summer, in a
project designed by Ben Brubaker. Solomon [Sol02] reduced the computation of the character
table of a Renner monoid to the computation to either one of two matrices, which he labelled
‘A’ and ‘B’. The B-matrix encodes restriction multiplicities of irreducible representations
of the Renner monoid. In particular, if R is a Renner monoid of type Bn, let ρ be an
irreducible representation of R and let σ be an irreducible representation of one of the
subgroups W ′ = W (Bn), Sk, 1 ≤ k ≤ n. Then the (ρ, σ) entry in the B-matrix is the
multiplicity of σ in the restriction of ρ to W ′.

Solomon computed the A- and B-matrices in type A, and the four undergrads in our project
computed them in type B. We were then able to use the B-matrix of type B to compute
certain character values of the associated Hecke algebra.

I am working to give a rigorous definition of the character table for a general Renner monoid
Hecke algebra, in the sense of Section 4.2, which would prove that the character values we
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computed are in fact the character table of this Hecke algebra. We are hopeful that such a
technique will work. In Type A, Dieng, Halverson, and Poladian defined and computed the
type A Renner monoid Hecke algebra character table [DHP03] using an explicit definition
of “standard elements” on which to evaluate the characters. Our character table exactly
matches theirs, which means that our conjecture gives correct standard elements in type
A. The technique of Geck and Pfeiffer described in Section 4.2 is type independent, so we
expect this technique will also define a type-independent Hecke algebra character table in
the Renner monoid case.

This definition would mean that our technique usingB-matrices gives a simple type-independent
procedure to calculate Renner monoid Hecke algebra character tables of all types, given the
data of character tables of the associated Renner monoids and group Hecke algebras, all of
which are known (see [LLC09], [GM97]). For precise statements, see [Har+].
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Appendix A Values of pνλ in Type B3

Let W = W (B3), and let q := qs, Q := qt, where in the expression W = S3 o C2, s ∈ S3, t ∈
C2. Below we exhibit the pνλ for W . More precisely, if λ, ν are double partitions of 3, the

entry in row λ and column ν is |Wλ|
|Cν∩Wλ|

pνλ. These polynomials were reverse engineered from

the character table given in [Pfe97].



ν\λ (13,∅) (12,1) (1,12)

(13,∅) 1 Q− 1 q2Q2 + q2 − 4qQ+Q2 + 1
(12,1) 0 Q+ 1 q2Q2 − q2 +Q2 − 1
(1,12) 0 0 q2Q2 + q2 + 4qQ+Q2 + 1
(∅,13) 0 0 0
(21,∅) 0 0 q2Q2 + q2 −Q2 − 1
(1,2) 0 0 q2Q2 − q2 −Q2 + 1
(2,1) 0 0 0
(∅,21) 0 0 0
(3,∅) 0 0 0
(∅,3) 0 0 0


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

ν\λ (∅,13) (21,∅)

(13,∅) q6Q3 − q6 − 9q4Q2 + 4q3Q3 + 9q4Q− 9q2Q2 q − 1
(12,1) q6Q3 + q6 − 3q4Q2 + 4q3Q3 − 3q4Q− 3q2Q2 + 4q3 − 3q2Q+Q3 + 1 0
(1,12) q6Q3 − q6 + 3q4Q2 + 4q3Q3 − 3q4Q+ 3q2Q2 − 4q3 − 3q2Q+Q3 − 1 0
(∅,13) q6Q3 + q6 + 9q4Q2 + 4q3Q3 + 9q4Q+ 9q2Q2 + 4q3 + 9q2Q+Q3 + 1 0
(21,∅) q6Q3 − q6 − 3q4Q2 + 3q4Q+ 3q2Q2 − 3q2Q−Q3 + 1 q + 1
(1,2) q6Q3 + q6 − 3q4Q2 − 3q4Q+ 3q2Q2 + 3q2Q−Q3 − 1 0
(2,1) q6Q3 + q6 + 3q4Q2 + 3q4Q− 3q2Q2 − 3q2Q−Q3 − 1 0
(∅,21) q6Q3 − q6 + 3q4Q2 − 3q4Q− 3q2Q2 + 3q2Q−Q3 + 1 0
(3,∅) q6Q3 − q6 − 2q3Q3 + 2q3 +Q3 − 1 0
(∅,3) q6Q3 + q6 − 2q3Q3 − 2q3 +Q3 + 1 0





ν\λ (1,2) (2,1) (∅,21)

(13,∅) qQ− q +Q+ 1 qQ− q −Q+ 1 q3Q2 + q3 − 6q2Q+ 6qQ−Q2 − 1
(12,1) qQ+ q −Q− 1 qQ+ q −Q− 1 q3Q2 − q3 −Q2 + 1
(1,12) qQ− q −Q+ 1 0 q3Q2 + q3 + 2q2Q− 2qQ−Q2 − 1
(∅,13) 0 0 q3Q2 − q3 −Q2 + 1
(21,∅) qQ− q +Q− 1 qQ− q +Q− 1 q3Q2 + q3 − 2q2Q− 2qQ+Q2 + 1
(1,2) qQ+ q +Q+ 1 0 q3Q2 − q3 +Q2 − 1
(2,1) 0 qQ+ q +Q+ 1 q3Q2 − q3 +Q2 − 1
(∅,21) 0 0 q3Q2 + q3 + 2q2Q+ 2qQ+Q2 + 1
(3,∅) 0 0 q3Q2 + q3 −Q2 − 1
(∅,3) 0 0 q3Q2 − q3 −Q2 + 1





ν\λ (3,∅) (∅,3)

(13,∅) q2 − 2q + 1 q2Q− q2 − 2qQ+ 2q +Q− 1
(12,1) 0 q2Q+ q2 − 2qQ− 2q +Q+ 1
(1,12) 0 q2Q− q2 − 2qQ+ 2q +Q− 1
(∅,13) 0 q2Q− 2qQ− 2Q+Q+ 1
(21,∅) q2 − 1 q2Q− q2 −Q+ 1
(1,2) 0 q2Q+ q2 −Q− 1
(2,1) 0 q2Q+ q2 −Q− 1
(∅,21) 0 q2Q− q2 −Q+ 1
(3,∅) q2 + q + 1 q2Q− q2 + qQ− q +Q− 1
(∅,3) 0 q2Q+ q2 + qQ+ q +Q+ 1


Note that Proposition 5.13 gives us the (correct) values for pνλ in seven of the ten columns; the
exceptions are ν = (1, 12), (∅, 13), (∅, 21). These hold-outs seem to have a more complicated
structure than the columns we do understand, particularly the latter two, which correspond
to cuspidal conjugacy classes.
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Appendix B Example Computations of the H(S3) char-

acter table

B.1 Murnaghan-Nakayama Rule

Recall from Section 4.3 the Murnaghan-Nakayama rule for the type A Hecke algebra:

If λ ` n, and w ∈ Sn satisfy w = w′sn−k+1sn−k+2 · · · sn−1 for some w′ ∈ Sn−k, then

χλ(Tw) =
∑
µ⊂λ

(q − 1)cc
λ
µ−1(−1)l

λ
µqk−l

λ
µ−ccλµχµ(Tw′),

where the sum is over all partitions µ of n− k such that λ− µ is a hook.

We use this rule to compute the character table for H(S3). S′ and S∞ are one-dimensional
algebras, and the trivial representation is the only representation. Thus, the character table
is made up of the single character value χtriv(T1) = 1. For S2, to save space let us take for
granted the character table which can also be calculated by the Murnaghan-Nakayama rule:

[H(S2) w(12) w(2)

χ(2) 1 q
χ(12) 1 −1

]
.

Let’s start with the character value χtriv(T1). Here, λ = (3), w = 1, k = 1, w′ = 1 ∈ S2, and
the only possible µ is (2). Thus, ccλµ = 1, lλµ = 0, and

χtriv(T1) = (q − 1)0 · (−1)0 · q0 · χ(2)(T1) = 1.

Moving along the row, let’s calculate χtriv(Ts1). Here, λ = (3), w = s1, k = 1, w′ = s1 ∈ S2,
the only choice for µ is (2), making ccλµ = 1, lλµ = 0, and

χtriv(Ts1) = (q − 1)0 · (−1)0 · q0 · χ(2)(Ts1) = q.

Now for χtriv(Ts1s2). Here, λ = (3), w = s1s2, k = 3, w′ = 1 ∈ S0. We must have µ = (0), so
ccλµ = 1, lλµ = 3, and

χtriv(Ts1s2) = (q − 1)0 · (−1)0 · q2 · χ(0)(T1) = q2.

On to the sign character: here λ = (13). If w = 1, then k = 1, w′ = 1 ∈ S2, µ = (12), ccλµ =
1, lλµ = 0, and

χsign(T1) = (q − 1)0 · (−1)0 · q2 · χ(12)(T1) = 1.
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If w = s1, then k = 1, w′ = s1 ∈ S2, µ = (12), ccλµ = 1, lλµ = 0, and

χsign(Ts1) = (q − 1)0 · (−1)0 · q2 · χ(12)(Ts1) = −1.

If w = s1s2, then k = 3, w′ = 1 ∈ S0, µ = (0), ccλµ = 1, lλµ = 2, and

χsign(Ts1s2) = (q − 1)0 · (−1)2 · q2 · χ(0)(T1) = 1.

On the the last character, the reflection representation character: here λ = (21). If w = 1,
then k = 1, w′ = 1 ∈ S2. There are two choices for µ: (2) and (12), and in both cases ccλµ = 1,
lλµ = 0. Thus,

χref (T1) = (q − 1)0 · (−1)0 · q0 · χ(2)(T1) + (q − 1)0 · (−1)0 · q0 · χ(12)(T1) = 2.

If w = s1, then k = 1, w′ = s1 ∈ S2. There are two choices for µ: (2) and (12), and in both
cases ccλµ = 1, lλµ = 0. Thus,

χref (Ts1) = (q − 1)0 · (−1)0 · q0 · χ(2)(Ts1) + (q − 1)0 · (−1)0 · q0 · χ(12)(Ts1) = q − 1.

And finally, if w = s1s2, then k = 3, w′ = 1 ∈ S0, µ must equal (0), so ccλµ = 1, lλµ = 1. Thus,

χref (Ts1s2) = (q − 1)0 · (−1)1 · q1 · χ(0)(T1) = −q.

Thus we arrive at the character table for H(S3):


H(S3) Tw

(13)
Tw(21)

Tw(3)

χ(3) 1 q q2

χ(13) 1 −1 1
χ(21) 2 q − 1 −q

.

B.2 Starkey’s Rule

We can calculate the same character table using Starkey’s Rule. Recall Starkey’s Rule from
Section 4.4:

χ(Twλ) =
∑
ν`n

χ(wν)p
ν
λ,
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where

pνλ =
|Cν ∩ Sλ|
|Sλ|

det(q · idVλ − ρλ(wν)).

We take for granted the character table of S3:


S3 w(13) w(21) w(3)

χ(3) 1 1 1
χ(13) 1 −1 1
χ(21) 2 0 −1

.
Here, ρλ is the reflection representation of Sλ. The following is the table of matrices ρλ(wν)
(see [GP00, Lemma 1.1.6]):


λ\ν (13) (21) (3)

(3)

[
1

1

] [
−1 0
1 1

] [
−1 −1
1

]
(13) ∗ ∅ ∅
(21)

[
1
] [

−1
]

∅

,
where the ∗ refers to the 0× 0 matrix.

Thus we may compute the pνλ:


λ\ν (13) (21) (3)

(3)
1
6
(q − 1)2 1

2
(q2 − 1) 1

3
(q2 + q + 1)

(13) 1 0 0
(21)

1
2
(q − 1) 1

2
(q + 1) 0

.
Let P be the matrix of the pλµ values, and let B be the character table of S3. Then Starkey’s
Rule tells us that the character table of H(S3) is BP T :


H(S3) Tw

(13)
Tw(21)

Tw(3)

χ(3) 1 q q2

χ(13) 1 −1 1
χ(21) 2 q − 1 −q

.
This is (unsurprisingly) the same character table we got using the Murnaghan-Nakayama
rule.
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