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Al s matmx coefGicients o1 <e; Te)e) are
polynomio\ funs. in fe entries) of o T is rakional
o ON maleix  CoeLLs. ave yadional funs. of o.

TEN=(N -\, W2 -3\ is & dominant wt.
Xhen tlo (exprenticted) highest wh regn. V> is rafional,
ond i \y20, 1t is polynomial . Every rabional reyh «n
be weitn in Al forn det® ™ 8> whare VA is poly,

let V % a & v TEASEA V, led
Comm () =§\)eEv\o\V\ ab=ba Vac Af



Thin 11 (Double coimmtant [cent ral izor ‘H\eorem)‘-

Let A< Cad (V) Yo o fubalgebra sk. V is o
Completely reducible A-module: Lex Bz Comm (A).
®) Cowm(B)=A.

V) V is eompletely reduchle as a B -module.

Q) As an (A QB\ “module, We have Hhe decomposity

10N

\VA~ @ U @\J‘\,

\P\Q\fe U;_ (Y‘Q{‘S.\JL\ are “lq A{d;'\c\ A—inrepf.
(resp. R -inreps) appearing n V.
Vi and Wi deiermime 2ach other, and

l-\oW\(UL,VS %\A,L oS B-modyles
Nom (\J(,V\; U, os A-modules

P ! See Looodman-Wollach Thms. Y113, 4.2.13.

a



X Gla=Cla(D), V= {he M repn.
V= span fv,8-- 8 v | viev§
'S N Gly-regh @ under
% (Vi@ BVik) = 9v, & ~~ By,
and an Sp-rRen T whder
W (V& @V Y=V ® - BY

LY A = spom (2(6L) S Bud (V)
R = Span (T1(Sy)) S Cwd (V)

Prop TL: We hove Comm(A) = R andk Comm (®) = A.
As o (GLn xS )-repn,

Ve*: ®efert
L

whee the €' are Aishindd Gl irreps.
and He Foare diskingt - irreps.

(la\e.r‘,we will See (ohich ones)



P Sine Vs £ o Sine Gl and §, hove complete
redudhilily | The 1) applies, ard, £ we an show
Yhal Comm(R)=B Ho rest of Hhe stoemarts follow-
By Inspechion, 8S Comm (K) Onh A< Comm ().
Tt Y sulfices fo sholo that Comn (B) € A.
let e, --&d be dle sth basis of V. For
T=(ii, i), let ITick ad €7~ €@~ ®e;,.
Ten Yex| 1TI=k3 is o bass fr VR aud
tha S ackion canm Yo written
Ve = @y Where Tzl tum)

Write T End(V®) as a matrix relative to this bagi:

TQS:: %Q—L’s '€1

Thaw
T( N'Q:s) = T( euv) = Za‘:[,wl' e:\'_
1

and
\.o-'\'(e..ﬂ = ZGT_)-;Qw‘I. = %qu"‘[,):r €1,
p



°© 1 ¢ Conn (B) & Op 3= G Vu,T,7

T,7

) S qw‘l‘l,uﬂ': 1,7 14 U)I’ 7.

Consider e \)i‘l'mr form
OGN =40 (XYY on End (V)

TNS is nondesentrole ie. (X, Y)=0 vX = y=0.

\:JQ. Cawn projec\ bh‘\‘b Cornm(B) \7‘1 avemging-.

X > x =) = WX ¢ Comm (R)
k! \uesk

G 1€ Te Comm(B), then
(X“ 1'\ s L Z 'l'r(Tl’(u)X“(u) '\'\ (X _)

’ WESY
Sinee trae is cyciely iwvartant ondl T commutes wf T
Thes i (X,T)20 Y X Comm(8) , tlew (%,7)20 W K6 (V)

So since (-,-) 1s nondeger, T=0. This means (-,7) is
wondesen on Comm (8).

To show thal Comm (B) = A, it Khas sufices to shouw it
& Y eCommlB) sadisfies (X,T\?-O. VXGA,‘HW\ 7 =0.
lR.VXxeGln



TI¢ 9=19;)e 6Ly, B §(‘3\-’[9t,:r] whee T3(),-0)

V= (J‘ i)
‘512,3'.': gi.‘,;)‘ ‘51“,3"_. N, we aSsume 1*Tid),

(4e2) o=(w,ﬂs\\=g%,s%m V3e Gln.

B‘/ c-°"'\."‘U~i*1) (**) a\so helds VX’[Y.:;,]G Mq'\.\(ﬂ.
B‘I (*») l"( X € Mﬂ'\'v\(c\ S COV\M(BX' 'HQV\
XTJI,=XU3',|»‘I. VWQ\J

Qo we Whave

0=Z b= 2 nyoyXy,
Ty Y

\Whae the Jam is over a sdt of reps Y< (T,T) of

e Sp-orbits of tle st of ordered mirs (1,7);

Qy:=0g 5 ad Xy:= Xy are Constant ontlese orbils, qud

we s ny = \S[Vl.

Thint of 4his as o Poly Rowia {mh(’(iw\ in the variables [tiﬂ.
Then 4l Xy are linearly independent, So ay=0 VYV

wmd {herefore T=0. Hence, A= (omm (B). n



