Math 506, Spring 2026 — Homework 5

Due: Wednesday, May 6th, at 9:00am via Gradescope.

Instructions: Students should complete and submit all problems. All assertions require
proof unless otherwise stated. Typesetting your homework using LaTeX is recommended.
For this homework, unless otherwise stated all groups are finite, all Lie algebras are complex
and finite dimensional, and all representations are finite dimensional and complex.

1. Recall the Frobenius characteristic map ch : R = @, R* — A, where R" is the space
of class functions on S, and the product on R is defined by

S m
X-¢ =Indg s (X ®Y)

for y € R¥, p € R™. Recall also that ch(f) = > uin 2, fupy for f € R", where f, is
the value of f on elements of cycle type u.

(a) Prove Theorem 79(d): ch : R — A is a ring homomorphism, where A has its usual
multiplication of symmetric functions. That is, for y € R¥ and ¢ € R™, show
that

ch(x - ¢) = ch(x)ch(¥).

(Hint: We can extend the concept of class functions to take values in A (or any
other C-algebra). The Hermitian inner-product from Lecture 5 extends coefficient-
wise, and restriction, induction, and Frobenius reciprocity extend to these gener-
alized class functions by linearity: for H < G, a class function x on G, and any
v H — A,
(x; Indfi)e = (Resgx, ).

Furthermore, ch(f) = (p, f) = (p, f) where p : S,, = A sends w to p, for w of
cycle type p.)

(b) The Littlewood—Richardson coefficients ), for |u| + |v| = ||, are defined as the

s
tensor product multiplicities of polynomial GL, (C)-representations:

Vi VY e Ve,
A

(Since the character of V* is sy, these are also the structure constants for the
Schur basis: s,s, = >, ¢h,5x.) Using part (a), show that as S, representations

Indg, 5 (S @ 8") = EP(SH) e,
A



and
Resg s, 5 = @D(S" © )7
v
where k = |u|, m = |v|, and n = k + m. (Don’t get confused between internal
and external tensor product; the latter occurs when we have a direct product of
groups.)

Solution.

(a)

Let n = k + m. By the definition of ch and the generalized Frobenius reciprocity
from the hint,

ch(x -9) = (p, Ind", 5 (x®¥)) = (Resg g P, X R ).

For any permutation w, let cyc(w) denote the partition which is the cycle type of
w. For (o,7) € Sk x Sy, the cycle type of (¢,7) in S, is the union of the cycle
types of o and 7, so (ResgzX 5., P)(0,T) = Peye(o) Peye(r)- Therefore,

1
(Resgzxsmp, X X w) = W Z Peyc(o) Peye(r) X(J) ¢(7)

g€ESy
TESm
1 1
= (E > Peye(o) x(0)> (@ > Pcyc(TW(T))
€Sy TESm
= ch(x) ch(v).

Since the character of V* is sy, characters are multiplicative under tensor prod-
uct, so cﬁy as defined via GL,-representations equals the structure constant in

SuSy = Y cﬁys,\. Applying ch™ (which is an isomorphism by part (a) and The-
orem 79(b)) to both sides, and using ch(x?) = s,,

XX =) x>
A
Since characters determine representations, this gives
Indg, g (S" @ S") = @D(S*) <.
A

By (the original version of) Frobenius reciprocity, the multiplicity of S* @ S¥

in Resg", 5 S* equals the multiplicity of S* in Indg", ¢ (S* ® S¥), which is c),.
Sn ~ V\®c)

Therefore Resg!, g S* = @, ,(S" © §¥)® .



2. The Kronecker coefficients g(\, u,v), for A\, u, v F k, are the tensor product multiplic-
ities of Sj-representations:

S ® St = @(SV)EBQ()\,#’V)'
vk
The goal of this problem is to give a GL,-interpretation of these coefficients via Schur—
Weyl duality. Throughout, let V =C™ with m >k, and W =V @V = cm’.

(a) Apply Schur-Weyl duality to VE* @ V& to show that, as (GL(V) x GL(V) x S)-

representations,

VoFk @ Ok o~ GB g m) Ve Ve S,

vk
where on the left side, the S acts diagonally on the two V¥ factors, and on the
right side, the two GL(V)-factors act on V* and V* respectively.
(b) Let GL(V') x GL(V) sit inside GL(W) via the Kronecker product (A, B) — A® B.
Show that the map V& @ V&F = 1@k
(MR Qup) (W R RQuwy) — (V1 QW) @+ X (Vg @ wg)
is an (S, x GL(V) x GL(V))-equivariant isomorphism.

(c) Using Schur-Weyl duality for W®* and parts (a) and (b), conclude that as GL(V) x
GL(V)-representations,

w Vo~
ReSGLEV))xGL WW" = EB g\ ) VoV
Ak

In particular,
g()\, W, V) = dim HomGL(V)xGL(V)(V/\ ® VH, WV)
Solution.

(a) By Schur-Weyl duality, V&* = @, , V* @ S* as (GL(V) x Sj,)-representations,
SO

VeVt BV e Ve (P e s = P e nr) Ve Ve s,

A LWINZ
using S* @ S* =2 @, g(\, p, v) S” in the last step.

(b) The map sends a pure tensor to a pure tensor, so it is well-defined and clearly
bijective. For Si-equivariance: o € Sy acts on the left side by simultaneously
permuting the factors of both V®*’s, sending (v; ® -+ ® v3) ® (w; @ - - @ wy,) to
(Vo11)®+ R Vg-1()) @ (W-1(1) @ - - @W,s-1(s) ), Which maps to (Vy—1(1) @We-1(1)) @
- ® (Vo-1(k) @ We—1(y); this is exactly o acting on (v; ® w1) ® -+ ®@ (v @ wy) in
W®*. For GL(V) x GL(V): (A, B) sends v; @w; to Av; ® Bw; = (A® B)(v; @ w;),
matching the action of A ® B € GL(W).
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(c) Since m? > m > k, Schur-Weyl duality applied to W = C™ gives

W®k ~ @ WY ® SV’
vk
where W is the irreducible GL(W)-representation of highest weight v. Combin-

ing with part (b), we identify the decompositions from (a) and the one above as
(GL(V) x GL(V) x Sk)-representations:

@ g\ ) Ve VEe SY %EBW”@{)SV.
A, vk vk
Since distinct S” are non-isomorphic, the S¥-isotypic components must match,
giving
GL(W) vV oAU A
Rescr vyxariW" = EB g\ ) ViR VH
A bk

as GL(V) x GL(V)-representations. The V* @ V# are irreducible as GL(V) x
GL(V)-representations by the same argument as HW2#3, and pairwise non-
isomorphic since distinct VV* have distinct characters. Applying Homgrv)yxaLv) (V@
Vi, —) to both sides gives g(\, p, v) = dim Homgrv)xaron (V> @ VE, WY).

3. Let g be a complex Lie algebra. The Killing form is the symmetric bilinear form
B:gxg— Cdefined by B(X,Y) = tr(adx o ady).

(a) Show that B is Ad-invariant: B(Ads(X),Ada(Y)) = B(X,Y) for all A € G,
X,Y € g. (Hint: first show that adaq,x) = Ada o adx o Ady' as operators on g.)

(b) Compute B explicitly for sly(C) with standard basis e, f, h satisfying [h, e] = 2e,
[h7f] = _2f7 [eaf] =h

Solution.

(a) We first claim that adaq,(x) = Ady oady o Ad;! as operators on g. Indeed, for
any Z € g,

(Adyoady o Ad;")(Z2) = A[X, A1 ZA]A™!
= AXA'Z - ZAXA™?
=[AX A7 7]
= adaa,(x)(2).

Using this, together with the fact that trace is conjugation-invariant,

B(Ada(X), Ada(Y))

r(adad,(x) © adad,(v))
r(Ads o ady oady o Ad;")
r(ady o ady)
B(X,Y).

t
t
t



b) We compute the matrices of ad.,ad, ad; in the ordered basis {e, f, h}:
f

00 —2 0 00 2 .0 0
ade=(00 0], ady=[0 02|, ad=[0 —2 0
01 0 ~10 0 0 0 0

Since B is symmetric, we need to compute tr(adyx o ady) for each unordered
pair {X,Y} C {e, f,h}. The off-diagonal pairs {e, h} and {f, h} give zero since
tr(adeady,) = tr(adsad,) = 0 by direct computation. For the remaining entries,

0 -2 0 000
ad?=(0 0 0], ad?=(2 0 0},
0 0 O 000
4 0 0 2 00
ad; =10 4 0], adad;={0 0 0
0 00 0 0 2
so B(e,e) = B(f,f) =0, B(h,h) =8, and Bl(e, f) = 4. Therefore, the matrix of
B in the basis {e, f,h} is
0 4 0
4 0 0
0 0 8

In particular, B is nondegenerate (nondegeneracy of Killing form is equivalent to
a Lie algebra being semisimple).

4. Let Z = (2ij)1<ij<n be an n X n matrix of indeterminates, and let GL,(C) act on C[z;]
by (g- f)(Z) = f(Zg). For S C [n]| with |S| = k, write
ps = det(zij)1<i<k, jes

for the minor of Z using rows 1,...,k and columns S. Let N < GL,(C) denote the
subgroup of upper triangular matrices with 1’s on the diagonal.

(a) Show that py is a highest weight vector of weight ¢, = e; + ... + ¢ (recall ¢; is
the ith fundamental weight), and that the subrepresentation generated by p is

span{ps : [S] = k} = A"(C").
(Hint: Use the Cauchy—Binet formula for minors of a product of matrices.)
(b) For a partition A = (A; > --- >\, > 0) of length < n, define

Ay = Hp[ )\kH

Show that A, is a highest weight vector of weight A\, and that the GL,-subrepresentation
of Clz;;] it generates is isomorphic to V.
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(Hint: use Cauchy—Binet to show the polynomial GL,-representation generated
by Ay is finite-dimensional, hence completely reducible, and apply Part 6 of the
proof sketch of Theorem 57, which you can assume holds equally well for GL,.)

Take n = 3 and A = (2,1,0). By part (b), V*19 is the GLg-representation
generated by Ap10) = pry - P2y = 211(211222 — 212221). Write out a basis for
V(21.0) explicitly as polynomials in the Zij.

(Hint: by the Cauchy-Binet expansion from part (b), V&1 s contained in the
span of the 3 x 3 =9 products pys} - gy for s € [3], {t,u} C [3]. Find the linear
relations among these nine products (you don’t need a rigorous argument that
you've found them all), and verify that the dimension equals that of dim V(21:0)))

Solution.

(a)

For g = diag(t,...,t,), right-multiplying Z by g scales column j by t;, so pj
has weight e; + ... + e, = ¢x. For u € N, right-multiplying by u adds to each
column a combination of earlier columns, which does not change py) since column
operations don’t change determinants. Thus, py; is a highest weight vector.

By Cauchy-Binet, for any ¢ € GL,, and any S C [n| with |S| = k, ps(Zg) =
> 7=k det(grxs) pr(Z). Since g is a fixed matrix of scalars, det(grxs) € C, so
this is a C-linear combination of the pr. Thus W := span{ps : |S| = k} is
GL,-invariant, and the GL,-representation generated by py is contained in W.
The pg are linearly independent: for each S = {s; < --- < s;}, the monomial
21,572,585  * * Zh,s, ADPPeEArs in pg but in no other pp with 7' # §. So dim W = (Z)
By complete reducibility, W contains the irreducible of highest weight e;+- - - +¢y,
which is A¥(C") of dimension (7). So W = AF(C™). The explicit isomorphism
W — N(C) is

PS = Pfs1,,s6} T UsyAcnsy -

Since each pyy is fixed by N, so is A. The weight of p[’,\;_’\’““ is (Ap — Apy1) (e +
-~ +eg), so Ay has weight >, (A — Ags1)(er + -+ + ex). The coefficient of e;
is Y o (A — Akt1) = Ai, so Ay has weight .

By Ca_uchnyinet,

Ak —Ak+1
n

(9-AN(Z) = H Z det(gsxn) rs(Z)

k=1 \|S|=k

Expanding, every element of the GL,-span U of A, is a C-linear combination of
products [ [, []; ps, ; using Ax — Apy1 size-k minors for each k. These are polyno-
mials of fixed degree ||, so U is finite-dimensional, hence completely reducible.
Since A, generates U and is a highest weight vector of weight A\, U is a highest-
weight cyclic representation, hence irreducible by Part 6 of the proof sketch of
Theorem 57. So U = VA



(c) We have A@10) = pp1y - prigy- Using the Cauchy-Binet expansion from the
previous problem, V19 is contained in

W = span{pgy - prewy <5 € 3], {t,u} C B}
The nine spanning elements satisfy the relation
P{1} P23} — P2} P{1,3} + P3y P2y = 0, (1)
which is verified by expanding: pgy = 215 and pyuy = 211220 — Z1u22:, SO
211(212223 — 213222) — 212(211223 — 213221) + 213(211222 — 212221) = 0.

To see that is the only relation: each product pg) - pyruy is a degree-3 poly-
nomial in the six variables z11, 212, 213, 221, 222, 223, and one verifies by inspection
that any eight of the nine products are linearly independent. So dim W = 8.

By the Weyl dimension formula for GLs,

dim V22 =TT Mo AEIZE
1<i<j<3 J =
which for A = (2,1,0) gives 2 - % - 2 = 8 (alternatively, one can count directly
that there are eight semistandard Young tableaux of shape (2,1) with entries in
{1,2,3}). Since V219 C W and both have dimension 8, we conclude V(210 =
W. Any 8 of the 9 products pys - pg,uy form a basis.



