Math 506, Spring 2026 — Homework 4

Due: Wednesday, April 8th, at 9:00am via Gradescope.

Instructions: Students should complete and submit all problems. All assertions require
proof unless otherwise stated. Typesetting your homework using LaTeX is recommended.
For this homework, unless otherwise stated all groups are finite, all Lie algebras are complex
and finite dimensional, and all representations are finite dimensional and complex.

1. Let V be a finite dimensional vector space over a field K. Recall that an operator
A € End(V) is diagonalizable if V has a basis consisting of eigenvectors for A, and a
set of operators A is simultaneously diagonalizable if V has a basis such that each basis
vector is an eigenvector for all A € A.

Let A C End(V') be a set of diagonalizable operators on V. The goal of this problem

is to prove that A is simultaneously diagonalizable if and only if its elements pairwise
commute.

(a) Prove that if A is simultaneously diagonalizable that its elements must pairwise
commute.

(b) Let A, B € End(V) be commuting operators. For an eigenvalue A of A, let
E\ = {v € V]Av = Mv} be its A-eigenspace. Prove that F is a B-invariant
subspace.

(c) Let A € End(V), and let W <V be an A-invariant subspace. Prove that if A is
diagonalizable on V' that it is also diagonalizable on V.

(d) Use the proceding two parts to show that if A C End(V) is a finite collection
of diagonalizable operators on V and its elements pairwise commute that A is
simultaneously diagonalizable.

(e) Finally, show that the previous part holds even when A is infinite (but V' is still
finite dimensional).

2. For each of the irreducible rank 2 root systems, Ay, Bo(= C3), and Gs, verify explicitly
that the Weyl group acts transitively on the sets of roots of a given length.

3. (a) Let X,C be n x n matrices, with C' invertible. Show that e“X¢™" = CeXC~1.

(b) Let G be a matrix Lie group, with Lie algebra g. If A € G, let Ada(X) = AX AL
Show that Ads € gl(g); that is, show that Ads(X) € g whenever X € g, and
X — AX A is a linear map.



(c) Since ady € gl(g), we can define e*x € gl(g) by the matrix exponential. Prove
that X = Ad x for all X € g.

4. Let G be a finite group, and equip L*(G) = {f : G — C} with the inner product
(fr, fo) = ‘_é| > gec f1(9) f2(g9). By HW1 #4, L?(G) under left translation is the regular
representation, which by Corollary 13 decomposes as p V;de, where d, = dim V,, and
the sum runs over all irreducible representations. The goal of this problem is to find an
explicit orthonormal basis realizing this decomposition, in analogy with the Peter—Weyl

theorem.

For each irreducible representation (p,V,) of G, fix a G-invariant inner product on
V, and an orthonormal basis {e; 721 with respect to that inner product. Let p;; :
G — C be the matrix coefficient p;;(g) = (e;, p(g)e;); these are the examples of matrix
coeflicients discussed in class, where p;;(g) is the (4, j)-entry of p(g).

(a) (Orthogonality of matriz coefficients.) Let p,m be irreducible representations of
(. Show that

0 if p 2,
(pij, ) = § Okt
dp
In particular, the matrix coefficients of non-isomorphic irreducibles are orthogo-
nal, and those of a single irreducible are orthogonal to one another.

if p=m.

(Hint: Mirroring the averaging approach we have used a few times, given a linear
map T : Vy = V,, set T = ﬁ > gec Plg) T(g)~". Show that T is G-equivariant,
then apply Schur’s lemma. Choose T to be a well-chosen rank-one map to extract
the desired inner products.)

(b) Using part (a) and Corollary 14, show that {\/@ pij © p irreducible, 1 <74, j < dp}
is an orthonormal basis for L?(G).

5. Give an example of a matrix Lie group G and a matrix X such that eX € G but X is
not in the Lie algebra g of G.



