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LECTURE 1

Overview and Examples

Definition. A representation is a linear action of a group (or algebraic object) on a vector space.
Equivalently, it is a homomorphism

p: G — GL(V) = GL,(F).

A representation V' is irreducible if whenever W < V with GW C W, we have W = {0} or
W=V.

Main problem of representation theory: classify all irreps of (&, and describe how arbitrary
representations decompose into irreps.

Example 1. Let
St={zeC|lz| =1},

a group under multiplication, and let

L2(SY) = {f: st ¢ ‘/ |f(z)? dz:<oo}.
S1
This is a representation via
(z- f)(w) = f(wz).
S1 is an abelian group, so its irreps are 1-dimensional: for n € Z,
pn: St — C* =V, z— 2" e St
The Peter-Weyl Theorem says that L?(G) decomposes as an orthogonal direct sum of irreps:
L’(s") = PWa,
neL

where the inner product is (f, 9) = [o1 f(2)g(x) dz.
Concretely, writing f(z) := g (™), we get
~~

cL%(S)
f(z) = E e’ Fourier series!
nez
where

Cn = <f, 627Ti”9> = /01 f(z)e 2™ dy,

Generalizing this picture leads to harmonic analysis.
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Example 2. G = 53, F =C.

Irreps:
Ptriv: W —— []—] )

Psgn: w— [(=1)*] .

And pyef, in the basis x, y drawn above:

0 -1
(123) — [1 _ 1]
Consider the regular representation

Vieg = Spaﬂ{v(l), V(12)5 V(13)s V(23) V(123)» U(132)}

with the action
W - Uy = V-

We will see later that
‘/reg = Viiv © ‘/;gn S V;ef S V;ef

decomposes as a direct sum of irreps.

Example 3. G = Z/pZ = (g), V = F2, with

a}_}la . 1 al |1 b (1 a+b
g 0o 1|* e o 1llo 1| "o 1 |

The subspace W = <[é]> is invariant, since

(1 a] [z x
o )= [ em
but no other subspace is, since

[(1) ﬂ [ﬂ = :xzaﬂ ¢([51) a0, y#0

So V' cannot be written as a direct sum of irreps!
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Example 4. A quiver representation is a directed graph of vector spaces and linear maps, for
instance

8] o 3178
c—2 ¢ 2 C2.
Here we have two types of “atomic object”.
Simples:
C—0——0 0 — C—0 0 — 0 —C
Indecomposables: also include
c—0 o—c%Lec el

Quiver representations are closely related to the representation theory of finite-dimensional alge-
bras.

Rough course plan.

Topic Sources

1) Representation theory of finite groups Fulton-Harris [FH91]

2) Representation theory of symmetric groups Fulton-Harris [FH91], Sagan [Sag01]

3) Representation theory of Lie groups/ algebras Bump [Bum04], Humphreys [Hum?72], many others
4) Other topics

There are many great books and notes on representation theory. No one source is (or can be)
comprehensive; several will be posted to the course website throughout the semester.



PART I

Representation theory of finite groups
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LECTURE 2

Definitions and Basic Examples

Today Definitions, basic examples [FH91, §1.1]; Schur’s Lemma [FH91, §1.2].

Definition 1.

a) A representation (p, V') of a group G is a homomorphism
p: G — GL(V).

Equivalently, (p, V') is a linear (left) action of G on V/, and V' is a vector space that is also a
(left) G-module. We will often use just p or V' to express (p, V).

b) A subrepresentation of (p, V') is a subspace W < V that is G-invariant: GIW C W. Now {0}
and V are always subrepresentations; if there are no others, V' is called irreducible.

c) If V and W are G-representations, a G-equivariant map or G-module homomorphism is a
linear map ¢: V' — W such that the diagrams

V —2 > W
gl O lg
Vv w

©

commute. If ¢ is a bijection it is an isomorphism.
Let Homg(V, W) be the vector space of G-equivariant maps V' — W, and Endg (V') be the
ring Homg(V, V).

d) The trivial representation is (priv, Viriv) Where Vi, = F (a field) and piiv(g) = [1] for all
geaqG.

Suppose V and W are G-representations. The following are (G-representations:
o Direct sum: V@ W,viag- (v+w)=¢g-v+g-w.
« Tensor product: V@ W,viag- (v @ w) = gv ® gw.
« Tensor power: VO,
« Symmetric power: Sym" V = V" /(v; @ vj — v; @ v;).
« Exterior power: \'V = V" /(v; ® vj + v; @ v;).
« Hom(V, W), via
(99)(v) = gp(g™ w)  (txivial on Home (V, W)
« Dual/ contragredient: V* = Hom(V, Viyiv ), via

(g9)(v) == (g~ "v) or (p*(g)v*, p(g)v) = (v*,v) or p*(g)=p(g")".
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Note. Class activity: let

p: GLa(C) — GLy(C), [CCL Z} —

4

Lemma 2. Let ¢ € Homg(V, W). Then ker ¢, im ¢, and coker ¢ are representations.

be the identity representation. Compute p®2, Sym? p, /\2 p, and p*.

Proof.

vekerp = p(g-v) =gy
wEimp = g-w=g e

This also implies that
g-(z+imyp) =gz +imp
—_——
€ coker @
is well-defined. 0

In the case where V' < W and ¢ is the inclusion map, coker ¢ = W/V is called the quotient
representation.

LECTURE 3

Schur’s Lemma and Maschke’s Theorem

Last time Basic definitions and examples.
Today Schur’s Lemma and Maschke’s Theorem [FH91, §§1.1-1.2].

Definition 3. A representation V is completely reducible if it is (isomorphic to) a direct sum of
irreps:
multiplicities

~ =
V=Vie --eVy,=caVi® - &V,
where ¢; V] means Vi @ - - - @ V and the V7, ..., Vj are mutually non-isomorphic.
—_———
C1

Recall that Example 3 from Lecture 1 was an example of a representation that was not completely
reducible.

Now for the next several weeks let us restrict to the case where G is a finite group and V' is a
finite-dimensional complex vector space.
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Proposition 4 (Schur’s Lemma). Let V, W be G-irreps and ¢ € Homg(V, W).
a) Either ¢ is an isomorphism or ¢ = 0.
b) If V.= W, then  is a scalar multiple of the identity.

Proof. a) ker ¢ and im ¢ are subrepresentations of V and W. Since V' and W are irreps, we must
have either

kero =0, imep=W or kero =V, imp =0.

isom. =0

b) Since C is algebraically closed, ¢ must have an eigenvalue A. This means that ker(¢ — AI) # 0,
so by a), ¢ — Al is the zero map, and ¢ = AI.
O

Theorem 5 (Maschke’s Theorem). Every finite-dimensional complex representation V of a finite
group is completely reducible. Moreover, the decomposition

V=caVi® - DcpVi
is unique up to isomorphism and the order of the summands.

Proof. If V is irreducible, we’re done, so suppose V" has a proper nontrivial subrepresentation
W. We want to find a complementary G-invariant subspace, i.e. a subrepresentation U such that
V=WaU.

To do so, we use “Weyl’s averaging trick” to construct a G-invariant inner product. Let (-, -)
denote any Hermitian inner product on V (e.g. (v, w) = v w). Define

< G' ’G|Z gvgw

geG

Now (-, -); is also a Hermitian inner product:
 conjugate symmetric,
« linear in the first argument,
« positive definite.

We claim that (-, ) is G-invariant:

<gU,gU}>G = <v,w>G Vg € d.
Indeed,
(gv, gw) ¢

!/
|G\ Z (hgv, hgw) = |G\ Z v, h'w) = (v,w)g .

heG h'eG
Let U = W+, the orthogonal complement with respect to (-, ). Then V = U & W as vector
spaces, so we only need to show that U is G-invariant. But if u € U, then forallw € W, g € G,
—1
U, W)~ = (U, w) ., =0,
<g >G < g >G
eWw

so gu € U, and U is a subrepresentation.



MATH 506: GROUP REPRESENTATION THEORY LECTURE 4

Now, since V is finite-dimensional, we use induction on dimension and write U, W as a direct
sum of irreps, making V' a direct sum of irreps too.
Finally, suppose
V2eVi® - Ve 2diWi - & diWy

are two irreducible decompositions of V. Write the identity map in block matrix form

P11 o Pk
: where Pij: Vi — djo.
Per o Plk

By Schur’s Lemma (Proposition 4), ;; = 0 unless V; = W}, and then we must also have ¢; = d;
and ¢;; is an isomorphism ¢;V; — d;W;. Thus k = / also, and the two decompositions are
equivalent. 0

Remark. This argument works over most fields, but fails over I, when p | G. Recall the example
G =1/pZ = (g), V =F, gt — [[1) (ﬂ , W = <[(1)]> invariant subspace.

Let (-, -) be the standard inner product on F?, and let

(v,w)g = {gv.gw).

geG

(3101 = > (13113 =p-1=0.

which would imply that W C W+, iie. (-, -) is not an inner product.

Then

Remark. Note that the uniqueness only holds up to isomorphism. For example, with V' = V4, &

Viriv, . <[(1)]> - <[(N> _ <[1]>@<H]> = <[§]> 8 <[_52}>

are all valid irreducible decompositions.

LECTURE 4

Introduction to Character Theory

Last time Schur’s Lemma and Maschke’s Theorem.
Today Representations of abelian groups; introduction to character theory [FH91, §2.1], [Ser77, §2.1].



MATH 506: GROUP REPRESENTATION THEORY LECTURE 4

Proposition 6. If GG is abelian, then every G-irrep is one-dimensional.

Proof. First we claim that p(g) € Endg(V) for all g € G. Indeed, if h € G, v € V, then since G is
abelian,

so p(g) is G-equivariant.

By Schur’s Lemma, every p(g) is a scalar multiple of the identity. This means that every
subspace of V' is G-invariant, so V must be 1-dimensional. g
Example. G = Z/nZ = (g). Irreps of G are of the form

pc: G— C*, g =%, ¢: nthroot of 1.

So there are exactly n non-isomorphic irreps of G!

G=1Z/AL|p(1) plg) prg°) p(g°)

pi] 1 1 1 1

il 1 i -1 —i
p_1| 1 -1 1 -1
p_i| 1 =i =1

Very nice looking table! (square, roots of unity, orthogonal rows/ cols.) And it tells us everything we’d
want to know about the representation theory of G.

Goal: get as close as we can to this for all finite groups.

Definition 7. The character of a representation (p, V') is the function xy : G — C given by the
trace of p:
xv(g) = tr(p(g))-

Proposition 8.
a) The character is a class function: x (hgh™) = xv(g).
b) xv(l) =dimV.
¢) Xvew = XV + Xw.
d) Xvew = XvXW.

e) Xv =Xv.
1) Xsym2v(9) = 5 [xv(9)* + xv(g?)].
8 Xp2v(9) = 3 [xv(9)* — xv(g?)].

Proof. a) Trace is a class function.

b) p(1) = idy.
c),d),e)Letg € G,andlet \1,. .., \; be the eigenvalues of py/(¢), and p1, . . ., yg be the eigenvalues
of pw(g). Then:
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¢) The eigenvalues of pygw (g9) = pv(g) © pw(g) are A1, ..., Ak, fi1, - - -, L
d) The eigenvalues of pvew (9) = pv(9) @ pw(g) are Aip;, 1 <i <k, 1<j <L
e) The eigenvalues of py+(g) = pv gil)Tire At ... A1 Since py(g) has finite order, its

eigenvalues are roots of unity, so )\i_l = )\, and so

xv+(9) :)\71+"'+/\7k:XV(9)'

f), g) See HW1. O

We collect the characters of irreps of G into the character table:
« Rows indexed by irreps.
« Columns indexed by conjugacy classes in G.

« Entries are the character value for the irrep at (any element of) the conjugacy class.

Example. Recall from Lecture 1 the three irreps of S5 (we’ll see soon that there are no more):

Dtriv: W — [1} , Psgn: W —> [(—1)“’} ,
Pref *

(1) — [(1) ﬂ (23) — (1) j_
(12) — [(1) (1)} (123) — _(1) j_
(13) —> [j ﬂ (132) — j é

Conjugacy classes are determined by cycle type, so the character table is:

lelt 3elts 2elts
Ss | ( (12) (123)

Xtriv 1 1 1
ngn 1 -1 1
Xref 2 0 -1

Note. Class activity: compute the characters of the following representations. Can they be written
as sums of irreducible characters?

a) Ptriv @ Psgn
b) pree

o) P

d) Sym? prer
e) /\2 Pref

f) The regular representation Ve = (vg | g € S3) with the action w - vy, 1= Uy, w € S3.

10
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LECTURE 5
Character Orthogonality and the Regular
Representation

Last time Character theory basics.
Today Character orthogonality; decomposition of the regular representation [FH91, §2.2], [Ser77,
§§2.3-2.4].

For any G-representation V, let V& be the isotypic component of the trivial representation.

Proposition 9. The map

Q= deEnde

|Gl oo

is a projection V. — V& Furthermore, the multiplicity of the trivial representation inside V is given
by

dim VY = ]G| Z xv (g (%)
geG

Proof. If v € V, then for all h € G,

#() |GrZ 9“‘|G\ZQ”_

g'eG
soimp C VG, On the other hand, if v € V&, then
Z v=
gEG

so V& Cimy and p? = ¢.
For the multiplicity of the trivial representation, since ¢ is a projection,

1
dim V¢ = § j =) : O
im \G! q] gEGXV(g)

We'll use this to prove orthogonality of characters.

Let C.1(G) be the space of class functions G — C. We have a Hermitian inner product on C(G):

a, fB) = Z (convention note: linear in the second spot)

Theorem 10. The characters of G-irreps form an orthonormal set in C.(G).

11
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Proof. Let V, W be G-irreps. We apply the previous result to Hom(V, W). By HW1 #1la and
Proposition 8,

XHom(V,W) = XV*@W = XV XW-

On the other hand, by HW1 #1b, Hom(V, W)% = Homg (V, W). By Schur’s Lemma, we have

1 V=W,
dim Homg(V, W) = 1 ’
0 ifVW
Applying (*) now gives
1 fVv=Ww,
; = ’ O
(xv, xw) {0 V2w

Corollary 11. The number of irreps of G is < the number of conjugacy classes.
Corollary 12. If V., W have irreducible decompositions

V2eVi®-- @ eV, W=diVi@---®dpVy,
then

(xv, xw) = dim Homg (V, W) = Zcidi.

In particular:
« if V is irreducible, its multiplicity in W is (xv, xw');
« Visirreducible <= (xv,xv)=1;
« every representation is determined by its character.

Let Vieg be the regular representation of G (see HW1 #4).

Corollary 13. Every G-irrep V' appears in Vieg with multiplicity dim V. That is, if V1, ..., V), are
the G-irreps,
Vieg = EP(dim V))V;. ()

i

Proof. Since the action of a non-identity element has no fixed points,

G| ifg=1,
Xreg(g) = {| |

0 otherwise.

If V is an irrep, the multiplicity of V' in Vg is

1 —_— .
(XVa Xreg) = ’a z XV(Q) Xreg(g) =dimV. 0
geG

Taking the character of both sides of (xx), we get:

12
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Corollary 14.
Gl =) _(dimV;)?,

and for g # e,

Z(dim Vi) xv;(g) = 0. (special case of column orthogonality)

7

LECTURE 6

Column Orthogonality and Character Table Examples

Last time Character orthogonality.
Today Column orthogonality, examples.

Proposition 15. The number of irreps of G equals the number of conjugacy classes of G.

Proof. By Corollary 11, we already know <. For >, suppose a € C(G) and (v, xy) = 0 for all
irreps V. We will show that o = 0, and the result follows.
For any G-representation V/, set

pv =Y alg)pv(g) € EndV.

geG
One can check that in fact oy € Endg V' [FH91, Prop. 2.28]
By Schur’s Lemma, ¢y = A - id, so
1 1 |G|

geG

S00 =y =3 cc(g) pv(g) for any G-representation V. Butif V' = Vieg, then {pv (9), g € G}
are linearly independent matrices (proof: py (g)ve = vy, and the v,’s are linearly independent
vectors). Therefore o = 0. ([

Corollary 16. The irreducible characters form an orthonormal basis of C.(G). Furthermore, the
columns of the character table are also orthogonal:

Z @X(h) _ {centralizer ofgl, ifg=nh,

S ied 0, otherwise.

Proof. The first statement follows from Theorem 10 and Proposition 15. Column orthogonality is a
consequence of squareness and row orthogonality. The details are left as an exercise for the reader
(and potentially HW2). g

13
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Example. 5;.

1 6 8 6 3
Sl O (12) (123) (1234) (12)(34)

Xew |11 1 1 1
Xegn |1 —1 1 —1 1

eef | 31 0 -1 ~1
Xref®ngn 3 -1 0 1 -1
w2 0 -1 0 2

Notes: Vperm = CHw- v = Vu(i)s has character
Xperm: |4 2 1 0 0

which decomposes as X iy + (something), and use the inner product to show that the something
is irreducible. For W: use column orthogonality.

What about A44?

1 4 4 3
Ay | () (123) (132) (12)(34)
Xtriv 1 1 1 ]_
Xref 3 0 0 -1
x|1 ¢ ¢? 1
X1 ¢ ¢ 1
Notes:

xw: |2 -1 -1 2

has (xw, xw) = 2; use orthogonality to compute the characters.

We obtained characters of A4 by “restricting” characters of S;. Wouldn't it be nice to go the other
way?

Definition 17. Let H < G.
a) If (p, V') is a G-representation, the restriction of (p, V') to H is the H-representation

Res$ (0, V) = (plu, V) (or Res$; V, or Res$ p)

b) Let 01,...,0k be a set of representatives for G/H. If (w, W) is an H-representation, the
induced representation of (p, W) to G is the G-representation

Ind§(m, W) = (p,V)

where

14
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and
w; = (w(hj)w) ., whereg o, =o; h.
p(g)ewi (m(ho)w); 9.0, =dy

Also note that
dimInd$ W = |G : H| dim W

and, by Mackey’s formula [Ser77],
Res$ IndG W = B mdfnu (W),
HgH € H\G/H
where 9H = gHg ™' and YW is W made into a representation of H N9 H via x — g~ 'xg.
Example.
a) Vieg = Ind{ Viiy.

b) More generally,
Indg Viriv

is the permutation representation (HW1 #3) of the action of G on G/H:

oh-v; = vyr, T€G/H, he H.
eqG

Next time: characters of induced representations, and Frobenius reciprocity.

LECTURE 7

Restriction and Induction, Frobenius Reciprocity

Today Restriction /induction, Frobenius reciprocity [FH91, §3.3], [Ser77, §3.3].

Recall Definition 17b): for H < G with coset representatives o1, ..., o0 for G/H and (7w, W)
an H-representation, Ind% (m, W) = (p,V) with V = @le W; and p(g)w; = (m(h)w); where
go; = ojh.

Indg doesn’t depend on the choice of coset representatives (up to isomorphism).
Proof. Homework #2, or Frobenius reciprocity (later today). 0

Also note that
« IndG (W) @ Wa) = IndG W1 @ Ind§, Wa;
o Ind% IndE W = Ind§ W

15
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Example. Continuing the previous example, let H = ((12)) < S3, with coset representatives

o1 = (), o9 = (13), o3 = (23).

Then
V i=Ind§ Viriv = (v()» v(13), V23) )
with
() — idv
and
(12) V() = V()
(12) ?)(13) = (12)(13) 1)() = (123) U() = (23)(12) ’U() = (23) U() = 0(23),
(12) U(23) = (12)(23) ’U() = (132) U() = (13)(12) vy = (13) ’U() = U(lg),
(13) V() = V(13)»
(13) vaag) = v(),
(13) v(23) = (13)(23) vy = (132) v() = (23)(12) vy = (23) v() = V(23),
(123) U(13) = (123)(13) ’U() = (23) U() = ’U(23),
and so on.
Now, fix G/ H coset representatives o1, . . ., 0k, taking o1 = 1. As an H-representation, hw; =

(hw)1, so we can identify W with W; < Indg w.

Proposition 18. Let V = Ind$ W. Then

1 -1
Xv(g):@ EE; xw(a™"ga).
a
a~lgacH

Proof. Since V = @le Wi, we have xv(g) = >, tr glw,.
Let go; = ojh, h € H;if i # j, then try, g = 0. The cases where go; = 0;h are exactly those
i where ai_lgai € H, and in that case gW; C W; and gw; = (O',L'_lgaz‘w)i, )

trglw, = tr0f190i|w'

Thus
g = > xwlo;'goi).
U;lgUiGH

The formula follows from the fact that if o, lgo; € H and 0, H = aH, then a 'ga € H and
xw(a~tga) = xw(o; " goy). O

16



MATH 506: GROUP REPRESENTATION THEORY LECTURE 9

Theorem 19 (Frobenius reciprocity). Let W be an H -representation and V' be a G-representation.
There is a natural vector space equivalence

Hompg (W, Resg V) = Homg (Indg W, V).
Equivalently,
(XWv XRes$ V)H = (Xlndg W XV)G-
IfW,V are irreducible, the multiplicity of W in Resg V' equals the multiplicity of V in Indg wW.

Proof. The equivalence of the two statements, and the last statement as a consequence of the second,
are by Corollary 12 (or just by Schur’s Lemma).
For the first statement:

- If ¢ € Homg (Indf; W, V), then ¢|w, € Homp (W, Resf V).
- If € Hompy (W, Res% V'), then ¢ € Homg (Indff W, V), where

Slw, = oipoy ', wi e w i p(w) — o5 [p(w)].

1

This is independent of the choice of representatives, since o;hph ™o, = o007 ! (using

hp = ph).
This is G-equivariant since if g € G satisfies go; = ojh, h € H, then

go(w;) = goi[p(w)] = gk [p(w)] = o;[p(hw)] (H -equivariance)
= ¢([hwl;) = d(g - wi).

LECTURE 8
Partitions and Tableaux, Young Subgroups

Chronologically this lecture comes here, but its material opens the next part of the notes; it is typeset
on page 23.

LECTURE 9

Representations of GLy(F,)

Last time Started on representations of symmetric groups (will continue next time).
Today (Interlude.) Complex representation theory of GLy(FF,) [FH91, §5.2]. See also Piatetski-Shapiro
[PS83], which has a closer connection to the representation theory of GL,, (F,) and GL,,(Q,).

17
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Let k = Fy and G = GLa(k). Set

=1 4
104

U= { (1 [1)> ’ be k} cB unipotent subgroup.

a,d€k*, be k:} cG Borel subgroup,

a,d e k* } CB maximal (split) torus,

We have B=U x T and |B| = (¢ — 1)?q
G acts transitively on the g + 1 one- dlmensmnal subspaces of k? (P'(k)), and B is the stabilizer
of ([§]) € k*. So |G/B| = q + 1, which implies

G| = (¢ 1)%alg +1).
Let L = F,(v/D) be the unique quadratic extension of k. Then
e={ G Y)
y T
If§:x+y\/56 L, then

x D x D
tr (y xy) =2x =trp k<, det <y xy> =22 — Dy? = Npjks.

x,ynotbothO} C@q.

Conjugacy classes: Jordan form. Four cases:

a) 1 eigenvalue x € k, diagonalizable;

b) 1 eigenvalue x € k, not diagonalizable;
c) distinct eigenvalues z,y € k (x # y);
d) distinct eigenvalues 2 + /D € L\ k.

Representative Num. elts. in class Num. classes

ax:<x m> 1 q—1

T
Ca:,y—< y> @ +q 3(a—1)(g-2)
x Dy 9 1/,2
dz,y:<y x) 7 —q 3(¢" —q)
Total: (g —1)2q(q+ 1) elts. ¢*> — 1 conj. classes
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LECTURE 9

Principal series representations. Parabolic induction:

» T is abelian, so all irreps are 1-dimensional:

o3 <a c> = a(a)pB(c), a,B: kK — C*.
« “Inflate” to B: B - B/U = T,

Pas( 8, L) = taps(t).

+ Induce to G-
PaB = Indg p;ﬁ. (might be reducible)

Applying Proposition 18, its character is

‘ Ay by Cay dm,y

Xapt | (g +1)a(@)B(z) al@)f(x) alx)Bly) +aly)blz) 0

S0 pa,8 = ps,a> and otherwise they are non-isomorphic. One can compute

1, ifa#p,

(Xa,ﬁaXa,,B) = {27 ifa =8,

SO pq,g is irreducible if o # .

Let

Pdet,a: G — C, g +— a(det g) (¢ — 1 such representations)
This has character (and, since it’s 1-dimensional, equals)
‘ Ay bz Ca,y dm,y
[a@? a@? a@aly) a(@® - D)

Xdet,a *

And we can compute (Xa,a, Xdet,o) = 1. SO

Pa,a = Pdet,a P Pa (g-dimensional)

where p,, is the irrep with character

‘ Qg bx cxvy dl‘,y

Xa: |qa(@)® 0 a(z)a(y) —alz? - Dy?)

In the “principal series” (induced from 1-dimensional representations of B), we have

+ q — lirreps pget,o of dimension 1;
« q — 1 irreps p, of dimension g;
« (g —1)(q — 2) irreps pa, (o # B) of dimension ¢ + 1.

19
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Remaining: 1 (¢? — ¢) irreps.

Cuspidal representations. We've gotten all the irreps we can arising from irreps of

={(")
(™

and this sits inside L™ (non-split torus).
So let’s look at 1-dimensional representations of L*; there are |L*| = ¢? — 1 of them. If p is a

x,yekx}.

As a k-vector space,

x,yek‘x} ~ T,

representation of £, we obtain a representation of L*:

p( L) := P(NL/k (5)) (¢ — 1 representations of this form)
€L
Call a 1-dimensional representation of L* indecomposable if it doesn’t factor through Ny, ;. in this
way. These are exactly the 1-dimensional representations v of L™ such that

v(0) = v(0) satisfies T # v.

We wish we could just induce these representations up, but it’s not (nearly) that simple. Turns out
that (HW2?)
ﬁl & Pa,1 = Pa,l D IIldCL;x V@ py,

for a suitable indecomposable 1-dimensional representation v of L™, where p,, is an irrep with
character
‘ Ay bx Ca,y dz,y

Xv | (@ =Dv(@) —v(z) 0 —v(z+yVD)-v(z+yvD)

Let
W = L* x (s, (o), ol ="co (Weil group)
Il

Consider the 2-dimensional representations 7 of IW. Since L* is abelian,

T|L>< =1 Do,

Case 1: T is irreducible. T
Turns out that 77 = v and v := 14 is indecomposable. 2q(q — 1) of these
Case 2: T is reducible. Tut,uo
Turns out that 14 and 5 factor through Ny, /;.:
vi() = i (NL/k(g))-
—~—

some 1D k* repn.

20
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3q(q — 1) of these

So we have a correspondence between all 2-dimensional representations of W and the higher-
dimensional irreps of G'

n ’
Ty < Pu, T, < ﬁaﬁ’ 1 a#p
Pas ifa = 3.

21
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Representation theory of the symmetric
groups

22



MATH 506: GROUP REPRESENTATION THEORY LECTURE 8

LECTURE 8

Partitions and Tableaux, Young Subgroups

Now Starting a new unit of symmetric group representations. Sources: Sagan [Sag01], Fulton-Harris
[FH91], James [JK81] (char p).
Today Partitions and tableaux.

Let S, be the symmetric group on n letters.
The conjugacy classes of S,, are parametrized by (integer) partitions

)\:(Al,...,)\k)l—n,

which are sequences of integers A\; > Ay > -+ > A; > 0 (the “parts”) such that Ay + - - - + A = n.
w € Sy, has cycle type A if \; is the size of the ith largest cycle in w for all 4.
We want one Sy, -irrep for every partition A - n.

The Young diagram (or Ferrers diagram) for X is the top-and-left justified array of boxes with \;
boxes in row .

The length of X is the number £(\) of parts of A, i.e. the number of rows in the Young diagram
for \.

The size (or order) of A is [A\| = A1 + - - + Ay(y), i.e. the number of boxes in the Young diagram
for A.

The conjugate partition of A is the partition \’ corresponding to the Young diagram of A reflected
over the line y = —ux.

The number of columns of the Young diagram for A equals Ay = £(\'), and |N| = |A|.

For example,

A= (5,4,1) oA = 3,

N =(3,2,2,2,1) ¢(\) =5,

and [\| = |N| = 10.
Three orders on partitions:
« Containment (Young’s lattice): A\ C p if \; < p; for all 4. (partial order)
« Dominance order: A I pif \y + -+ + X\; < g + - - - + p; for all 4. (partial order)
« Lexicographic order: A < pif A = pu, or A; < p; for the minimal 4 such that \; # ;. (total order)

Each refines the one above it.
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Definition 20. A (Young) tableau T of shape ) is a filling of the boxes of (the Young diagram of) A
with positive integers.

« T is semistandard if the entries increase weakly along rows and strictly down columns.

« T is standard if it is semistandard and has entries 1,2, ..., ||, appearing once each.

For example,

2[2][3[5]6] 1]2]4]6]8] 0[1]4]2]2]
41577 3(5(7/10 35|77
19 19] 3]
semistandard standard neither

Lemma 21 (Dominance Lemma). Let A, i = n, let T' be a tableau of shape A and S a tableau of
shape p, each with entries 1, ... ,n appearing exactly once. If the entries in row ¢ of T' all live in
different columns of S for all i, then A < p.

Proof. Sort the columns of S so that the entries in the first ¢ rows of T" all appear in the first ¢ rows
of (the sorted) S. Then

A1 + - -+ + \; = #entries in the first ¢ rows of T
< ##entries in the first ¢ rows of S

Definition 22. The Young subgroup (or parabolic subgroup) of S,, corresponding to a partition
AFnis

Sy =8\ XSy, X xSy,
= Sty XS0t red X X S n e 1n) -
—— N——— N———

permutes first permutes next permutes last
A1 integers A2 integers Ak integers

More generally, let T" be a standard tableau of shape A. The row stabilizer of T' is the subgroup
Ry :={w € S, | wpreserves the rows of T'} C S,,,
and the column stabilizer of T is the subgroup
Cr :={w € S, | w preserves the columns of 7'} C S,,.
We have Ry = S and C'r = S).

Example. For

N

Il
’@c,o.—x

(@)

\]

—

)

24
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we have

Rr = Si12468) X 535,710y X S{oy = S(5.4,1)
Cr = Sp139) X Sp2,5) X Sgary X Sge,10y X Sqsy = S32,2.2,1)

Definition 23. For any finite group G, the group algebra C[G] is the vector space with basis
indexed by the elements of G and multiplication induced from G.

For example, C[S3] = ((), (12), (13), (23), (123), (132)), and

[() + (13)] [(123) — 3(12)] = (123) — 3(12) + (23) — 3(123).

(Note that the G-action on C[(] is the regular representation.) Any G-representation can be extended
to a C[G]-module by linearity:

plag + bh) := ap(g) + bp(h).

For example, if

pa) =[] g etz = |} T,
e p((12) + (123)) = [g _OJ
LECTURE 10

Tabloids, Polytabloids, and Specht Modules

Lecture 8 Partitions and tableaux.
Today Specht modules [Sag01, §2.3], [JK81, Ch. 4].

Let T be any tableau of shape A with entries (exactly) 1,2, ..., n (not necessarily standard). Recall
the row and column stabilizers:

Ry :={w € S, | wpreserves the rows of T} ,

Cr :={w € S, | w preserves the cols. of T } .

Definition 24. Call two tableaux T, T” of the same shape \ (row) equivalent, T ~ T",if T" € Ry T.
A (A-)tabloid is an equivalence class

{T} = RyT = { T { T ~T } (“tableaux with unordered row entries”)

25
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For example,

1[4]5]) _ 145
2[3 23

There is an S,-action on the set of A-tabloids given by w - {T'} := {wT'}. We define M* to be the
Sp-permutation representation associated to this action.

Claim. This action is well-defined.

Proof. If T ~ T’, we need to show that wT ~ wT”, so that {wT} = {wT'}. Let 0T = T" with
o€ Rp.

(e.g. with w = (13):)

=wT’.

ik
[N

2
71
w

Then Ry7 = wRrw ™!, so wow™! € Ryr, and wow ' (wT) = woT = wT’, so wT ~wT'. O

Example.
a) A= ‘, and
o 1213 23
A et
el
with the S3-action
— (13) (123) —
12 23
2 (13) (132) -
(23) (82) (12) (123)
(12) (132) (231 (123)
I
2
(13)
b) M (™ is the trivial representation.
12.---n
¢) M) is the regular representation. B
1
2
n
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d) M™=1D s the permutation representation of S,, on C".

12---(a=1) (a+1) ---n

Notice that this is not irreducible: it has the S, -invariant subspace spanned by
doa
a —
Definition 25. A G-representation V' is cyclic if there exists v € V such that
V = C[G]v.

We say V is generated by v.

Note. V isirreducible <= V is generated by v forallv € V.

n!
Proposition 26. M?* is cyclic, and all tabloids are generators. We have dim M* = N where
A=A Al Ayl '
Proof. Since S, acts transitively on 1, ..., n, it acts transitively on all tableaux — hence, tabloids

— with these entries. We can get from {T'} to any basis element of M*, and thus to any linear

combination of these basis elements. The last sentence is because |Rp| = Al
Definition 27. Let

k= Z (=D)"w € C[S,] = keyke, - Koy
weCT

where C1, Cy, .. ., C} are the columns of T". The polytabloid associated to T is
er = kp{T}.

Remark. er depends on T, not just {T'}. For example, with

[z P _12_
we have k7 = () — (13) and kv = () — (23), so
_12 23 _12 13
ST U T

O

Definition 28. The Specht module S* is the submodule of M* spanned by polytabloids.

Proposition 29. S* is a cyclic S,,-module, generated by any polytabloid.

27
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Proof. We prove this by showing that wer = ey, 7. Using Definition 27,

ewr = kuwr{wT} = > (=1)*u{wT}

ueCyr

- Y () uw{T}

u€wCrw—1

= Y ()" wu{T) (u=wu'w™)
u'eCrp

= wrkr{T}

= wer. O

LECTURE 11

Irreducibility of Specht Modules

Recall M?: span of tabloids; S*: span of polytabloids (the Specht module).
Today Irreducibility of S* and triangularity of the decomposition of M*.

Example.

a) A= ‘ Then
e, k223
132—37 17— 3127

_13 23

6123_27 17_ 62137
ey =12 L13_
231—37 27— 321)

and e31 = e12 + €13. So
2 3 2

SA = (C[elg, 613].
3 2

b) S = M is the trivial representation.
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¢) S(") is the sign representation, since if 7' =

Aoy (1
Qoyy(2
er = Z(—l)w ) ::I:e%.
wES, . .
aw n TL

d) S=11 js the submodule of M~ spanned by {e;, i < k} where

1o (k=1) (k+1) - 1T (—1) (i+1) -
k i ‘

Cik *— €. =
k

This is the reflection representation of S,,. We have S("~11) @ triv. repn = M(®™~1.1),

We'll use the S,,-invariant inner product on M*:
{THATY) = oy vy

Theorem 30 (Submodule Theorem).
a) Let U be a submodule of M*. Then U D S* or U C (S*)*.
b) S* is irreducible.

Remark. b) follows immediately from a), since S* N (S#)+ = {0}, so if U is irreducible, either
U=S5"orUnSt=1{0}

However, a) actually holds over any field! When working in characteristic p, S* N (S#)* may
be nonzero, and the S”/(S“ N (S“)L) form a complete set of irreps. (See James [JK81].)

Lemma 31. Letu € M*", and let'T" be a tableau with shape \.

a) If kru # 0, then A > p.

b) If \ = p, then kru is a multiple of er.
Proof. w is a linear combination of p-tabloids, so we can reduce to the case where u = {S} for
some p-tableau S, and extend by linearity.

a) Suppose A ¥ 1. By the Dominance Lemma (Lemma 21), there exist two entries 7, j in the same
row of S that appear in the same column of 7". We have

pr= 3 (~0Pw=| S ()"w| (0 - (0.5)).

weCr weCr
w(i)<w(f)
and since (i, 7){S} = {5} = (){S}, we get kp{S} = 0. O

Part b) is proved next time.
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LECTURE 12

Irreducibility and Triangularity (cont.)

Recall M?: span of tabloids; S*: span of polytabloids (the Specht module).
Today Finish irreducibility of S*, and triangularity of the decomposition of M?*.

We are proving the Submodule Theorem (Theorem 30), for which we need Lemma 31. Part a) was
done last time; here is part b).

Proof of Lemma 31b). If there exist two entries 7, j in the same row of S that appear in the same
column of 7', the argument for part a) shows that k7{S} = 0. Otherwise, we can permute each
column of T" and obtain a tableau which is row equivalent to .S (proof: look at the first column of 7',
and proceed by induction), i.e. there exists 0 € Cr such that o{T'} = {S}. Then

kr{S} = kpo{T} = > (-1)"wo{T}

weCr
=+ > (-1)""wo{T}
weCT
=+ Y ()Y w{T}
w'eCr
= i/ﬁ}T{T} = :|:€T. O

Proof of the Submodule Theorem. Let u € U, and let T" be a pi-tableau. By Lemma 31, kpu = fer
for some f € C. Since U is Sj,-invariant, this means fep € U.
If for any choice of w and T', f # 0, then er € U, so since e generates S*, S* C U.
Otherwise, kpu = 0 for all u, T. We have

<u, eT> = <u, ﬁT{T}>
= Y (=1)"(u,w{T})

weCr
= Z (—=1)"{u,w {T}) (inverting w)
w_1€CT
= Z (=) (wu, {T}) (by Sy, invariance)
weCr
= (kru, {T}) =0,
sou € (S*)* forallu € U. O

Theorem 32 (Decomposition Triangularity Theorem). The S* are mutually inequivalent, and
therefore form a complete set of S,,-irreps. M* decomposes as

A4M226}97H&MSA

ABp
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wheremy, , = 1.

Proof. Let ¢ € Homg, (S*, M*). This extends to an S,,-homomorphism M* — M by setting
¢((S*)*) = 0. We have
$ler) = ¢(kr{T}) = rro({T}),

and since ¢({T'}) is a linear combination of p-tabloids, by Lemma 31a) this is 0 unless A > p.

In particular, since S* C M, if S* = SH, then w>Xand A > p,s0 A = .

If A = u, by Lemma 31b), ¢(er) = crer for some cp € C. However, ¢ is independent of T’
since

¢(ewr) = ¢p(wer) = wd(er) = w - crer = crewr,

s0 ¢ is multiplication by a scalar, and therefore dim Homg,, (S*, M*) = 1.

By Schur’s Lemma, in the decomposition

MF = GBm,\,“S)‘7
A

we have m) , = dim Homg,, (S*, M*), so the above shows that m,,,, = 1 and m, , = 0 unless
A D . 0

Next, we want to find a basis for S*. Recall that a standard tableau has entries 1, ... ,n, which
increase along rows and down columns.

LECTURE 13

A Basis for Specht Modules

Today A basis for S* [Sag01, §§2.5-2.6], [JK81, §§7-8].

Heading towards:
Theorem 33. The set
E* = {er | T is a standard tableau of shape \ }

is a basis for S

A composition is a sequence of nonnegative integers

A= (A1,..., ) Em, suchthat \{ +--- + A\, = n.

31



MATH 506: GROUP REPRESENTATION THEORY LECTURE 13

For any tabloid 7" of shape ), let {7} be the tabloid formed by all elements < i in {T'} (same for
polytabloids and (row-increasing) tableaux). This forms a composition

A" := \{(T) := shape({T"}).

We say that {S} dominates {T'}, written {S} > {T'}, if X(S) > \{(T) for all i.

Note. Class activity: draw the poset of tabloids of shape

Lemma 34 (Dominance Lemma for tabloids). Ifk < ¢ and k appears in a lower row than ¢ in {T'},
then

{T} < (b, O{T} =: {S}-

Proof. Fori < kand i > ¢ we have \(S) = \{(T). If k < i < £, let r and q be the rows of {T'}
in which k and / appear. Then \?(.S) = \/(T') with the gth part increased by 1 and the rth part
decreased by 1. Since ¢ < r, \i(S) > \{(T). O

Proposition 35. Let T be a standard tableau. If {S} appears in er, then {T'} > {S}. Furthermore,
E? is linearly independent.

Proof. If {S} appears in er, then S = o7 for some 0 € Cr and some choice of representative
S e {S}.

Induction on column inversions in S: pairs k < ¢ with £ in a higher row than k in the same
column,

By the Dominance Lemma, S < (k, £){S}.

Since T is standard, it has no column inversions, and ¢ is a product of column-inversion-
reducing transpositions. Thus, the decomposition of the standard polytabloids into tabloids is
triangular:

all tabloids, ordered by dominance

{T1}-- Tk}
en 1
std. polytab. er 1 %
ordered by ’
dominance
€T, 0 1
Hence F* is linearly independent. g

Now for spanning.

Definition 36.
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a) Let A and B be disjoint subsets of [n]. Fix coset representatives o1, . . ., oy for Sqaup/Sa X SB.
The corresponding Garnir element is

k

gA,B = Z(—l)aidi.

=1

b) If A and B are these entries of a tableau (adjacent columns, one row overlap, union has all rows)

L~

J

then we choose o1, ..., 0k such that in ¢;T the entries in A and B are increasing down
columns.

Note. Class activity: find the Garnir element g4 p with

2[3]
4

T = ., A=1{56}, B={24}

’CDU!»—A

Answer:

ga.B = () — (45) + (245) + (465) — (2465) + (25)(46),

corresponding to

1]2]3] [1]2]3] [1[4[3] [1][2]3] [1[4]3] [1]5]3]
5|4 NE 3E 4[6 2 [0 2[6
6] 6 6] 5] 5] 4]

decreasing increasing

Proposition 37. Under this setup, ga g er = 0.
IfH C Sy let H:=3%, cpy(—1)"w.

Proof. Since |[AU B| > X, for all w € C7p there exist a,b € AU B such that a and b are in the
same row of wT'. But then

Sas{wT} = [() — (a.0)] {wT} =0,

0

Thus Saup er = 0 also. O

The rest of the proof is next time.
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LECTURE 14

A Basis for Specht Modules (cont.), the Branching Rule

Today A basis of S* (cont.) [Sag01, §§2.5-2.6], [JK81, §§7-8].
Last time E* is linearly independent.
Today E* spans S™.

Recall the Garnir elements (Definition 36), g4, = Zle (—1)%0,;. We are proving Proposition 37:
gaper =0.

Proof of Proposition 37, continued. Last time: Saup er = 0. Now,

Swp= Y. (-D'w= > (=1)% Y (~1)"w=ga5(Sax Sp).

weSAUB UESAuB/SAXSB wWESAXSp

s0 ga,B(S4 x Sp) er = 0, and the result will follow if (S4 % Sg) er is a nonzero multiple of ep.
Since Sy x S C Cp,if w € S4 x Sp, then

(—D)%wer = (=1)Ykr{T} = kr{T} e,

SO(SAXSB)eTZISAXSB‘ er. O

We'll use column tabloids

For example,

5711

Dominance order is induced from the map [T'] — {T”}, and similar facts hold (e.g. the dominance
lemma).

’c.o.—x
[\
| W
[\
—
Il
L =
[\V]

Proof of Theorem 33. We’ve already proved linear independence, so we just need to show that
span E* = S*. We induct on the column tabloid dominance order.
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Let
1 a+1| b+1
2
To=| 3 b
a

be the tableau numbered by columns. 7 is standard and [Tp] &> [T'] for all 7.
FixatableauT.If S € T, then eg = ter, so we can assume T has increasing columns. Assume
es € span E* whenever [S] > [T)]. If T is standard, done. Otherwise, T has a descent along a row:

ap by
: B
A

a; > b

A

A .
: by
ap
By Proposition 37, g4, g er = 0, so
er ==Y (=1)%eq,r. (+)
J
o;#1

Now, each ¢; is the product of permutations of A, permutations of B, and transpositions (a;, b;)
with a; > b;. By the dominance lemma for column tabloids, [0;T’] > [T for o; # 1, so by induction
er € span EX. ]

Let f be the number of standard tableaux of shape .

Corollary 38.
a) dim S* = f.
b) Y () =nl
AFn

¢) With respect to the basis E*, the matrices for the representation S* have integer entries. (Young’s
natural representation)

d) The character table for S, has integer entries.

Proof. a) f*= ‘E)“
b) Apply Corollary 14: |G| = 3y, jpyep(dim V)2,
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c) wer = eyr, and by (x) each polytabloid is an integer linear combination of standard poly-
tabloids.

d) The trace of an integer matrix is an integer.

Recall the containment order A C p if \; < p; for all <. This poset is called Young’s lattice (edges

correspond to adding a box):

Let

AT ={ 1| pcovers A}, AT ={p|Acovers pu }.

Theorem 39 (Branching rule for S,).
a) Resgz_l S = @ SH,
HENT
b) Indgr St = P s
HEXT
(multiplicity free!)

By Frobenius reciprocity (Theorem 19), these are equivalent.

LECTURE 15

The Branching Rule, and the Decomposition of M*

We are proving the branching rule, Theorem 39.
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Proof of Theorem 39. Let r; < rg < --- < rj, denote the corners of \. Let A be A\ without the
corner in row r;. For example,

7“1:2
7‘2:4

rg =17

Let

V® = span { er € E* | n appears in the first r; rows of T } .

We have @ C V() C ... € V(¥) = §* We claim that the V(?) are subrepresentations, and that
v yi-t =g A" Then the result follows since by Maschke’s Theorem,

A=y g V(2)/V(1) DB V(k)/v(kfl)_

Let

@ZM)\_>M>\17 {T}H{{T\n}’ lfnlSInrOWTM

0, otherwise.

©; is Sp,—1-equivariant and for 7" standard,

0, if n is in a higher row,

er\n, if nisinrow r;,
@i(eT):{ \

since if {S'} appears in e, standardness of 7' means that n appears in a weakly higher row of {S}.
Thus we have ©,V(® = §* and V(i~1) C ker ©,.

Note that
dim $* = )" dim S* <fA: > f”>

HEAT HEAT

since removing n from a standard tableau for A gives a standard tableau for some S*. In the chain

{00 cVvW ke, VD Ccv@ nkero, c V@ c...c v = g\

we have - | |
dim 4 g, = dim ;v = ¥,
) - 1
Zdlm mker@ = ka = dim S*,
and so we must have V) Nker ©; = V= for all i. Hence V) /Y (i-1) = >~ GN, O

Recall Theorem 32:

MH = @mst*, my . = 1.

A>p
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We’ll work with tableaux with (potentially) repeated entries. The content of T' is the composition
a = (aq,...,ay,) where a; is the number of i’s in 7. Row and column tabloids are defined similarly
to the no-repeats case. For example,

% shape: A = (3,2)
content: ;4 = (2,0, 1,2)
Recall that 7" is semistandard if entries weakly increase along rows and strictly increase down
columns. Slightly reinterpreting the dominance lemma (Lemma 21), if T' is semistandard, then

shape(T") > content(T").
The Kostka number k) ,, is the number of SSYT of shape A and content .

We will prove:

Theorem 40. m) , = k), (A, u partitions).

(2,2,1)

Note. Class activity: decompose M into irreps.

Example. k) 1» = f’\, )

M) = @ f)\S)‘ (recall: M (") is the regular representation)
AFn

Let

T = {tableaux of shape A and content u},
s = 1T € Ty, | T is semistandard } .

For any shape ), fix the tableau t := ¢

1 2 A1
A1 | [ At shape A
t= increasing 1, ..., ||
in English reading order
A

For any A-tableau T', let T'(i) = entry of T in the spot where ¢y has i. For example,

T1)|T©@)|T(3)
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Let
O: M" — C[T).), {S} — T where T'(i) = the row in which ¢ appears in {S}.

Let S, act on Ty, via

For example,

2 1 1 3 2 1
(124) - ,
3 2 1 2
T()|T@)|TG)| |T@)|T0)|T(3)
(124)~ =
T(4)|7(5) T(2)| T(5)

The proof of Theorem 40 has two steps:
Step A MH = C[Ty,).
Step B Forall T € Ty, let

Or: M —» ClTau] (=2 M*), {tr} — Z S (extended by cyclicity)
Se{T}

Then the maps O7|gx form a basis of Homg, (S*, M*).

Note. Class activity: compute

@T{t)\} and @T where T =

LECTURE 16

Decomposition of M# (cont.)

Today Decomposition of M* (cont.) [Sag01, §§2.9-2.11], [JK81, §§13-14].

We are working towards Theorem 40: in the decomposition

MH* = @mAyﬂS’\,

A p

we have m) , = k) ,, the Kostka number.
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Proof of Theorem 40, Step A. © is bijective by inspection. It is S, -equivariant since if ©{S} =T,
then

00{S} = 0T (i) = T(0 i) = row number of ¢~ 'i in {S}
= row number of 7 in 0{S}

= 0(c{S})(0). O

Lemma 41 (Dominance lemma for column tabloids with repetition).

a) Letk < (. If k appears in a column to the left of ¢ in T, then [T] > [S], where S is the tableau
obtained by swapping the k and ¢ in T

b) If T is semistandard and S € {T'}, then [T] &> [S].
Proof. Similar to past dominance lemmata. 0

Proof of Theorem 40, Step B — linear independence. This has similarities to the proof of Theorem 33,
so we sketch it.
Let ©7 = Op|g. First we claim that the elements

{Or [T eTh}
are linearly independent. Apply them to e;:
@Tet = @T/it{t} = Kt @T{t} = Kt Z S/.

stabilizes cols. S'e{T}

If S appears in this sum, then by Lemma 41b), [T] > [S]. Thus by triangularity, the ©7¢; — and
hence the ©7 — are linearly independent. g

The spanning half of Step B is next time.

LECTURE 17

Decomposition of M* (cont.), the
Murnaghan-Nakayama Rule

We are finishing Theorem 40. Step A is done, and so is linear independence in Step B; it remains to
prove spanning.

Proof of Theorem 40, Step B — spanning. Let ¢ € Homg, (S*, M*). Write
per = ZCTT € (C[ﬂu]a

T
and let
L,={S¢€ ¥ | [S] > [T7] for some T appearing in @e; } .

Induction on |Ly|.
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« If |L,| = 0, then choose some 7" appearing in @e;. If T" is not semistandard:

b1
A
: B
A

a; > b

AN

A .
ap

then applying the Garnir element g4 g to @e; shows that [T'] is not maximal in pey; i.e. if

|L,| =0, then ¢ = 0.

« Otherwise, choose T" appearing in @er such that [T] is maximal. Then T is semistandard. Let

¢ = —crOr,

Olep = ZCT/T' —cr Z S.

T/

Se{T}

This subtracts off T" and every S with [S] = [T, so L C L, and by induction ¢, and thus ¢,

are in the span of the O 7.

Characters of Specht modules. (sce HW3 for another rule)

O

Let x* be the character of S*, and let w,, be a permutation of cycle type p.
A border-strip or rim hook £ is a contiguous subdiagram of A such that every cell is on the
bottom-right border. Its size || is the number of boxes. Its height h() is the number of rows it

occupies, minus 1. For example,

size 5

height 1

Let p' = (12, 3, - - s Hap))-

size 5

height 2

Theorem 42 (Murnaghan-Nakayama rule). Forall A\, b n,
XM wp) = (=DM (wy),

where the sum is over all border strips of A of size ju1.

Proof. Much later in the course.
Note. (If time.) Class activity: compute !

Next time: sz (C)-representations.

4,4,3) (



PART III

Lie groups and Lie algebras
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LECTURE 18

sly(C) and its Representations

Now Starting a new unit: representations of (complex) Lie algebras and Lie groups.

« Sources: Bump [Bum04], Humphreys [Hum?72], Fulton-Harris [FH91], perhaps others.
+ No Lie theory background is assumed; we will state classification results where necessary.
« Aiming for greatest hits (highest-weight representations, complete reducibility).

+ The symmetric group will show up again, in two distinct ways!

Definition 43.
« The general linear Lie algebra gl,, := gl,,(C) is the vector space of n X n complex matrices
Mat,, (C).
« The special linear Lie algebra is the subspace sl,, := sl,,(C) C gl,, of matrices with trace 0.

« The Lie bracket for g = gl,,, sl,, is the commutator
[A, B] :== AB — BA.
« A Lie algebra representation is a linear map p: g — gl(V') such that

p([4, B]) = [p(A), p(B)].

Note. Class activity: discuss why we might want to define [-, -], and not just matrix multiplication.

Our first task: classify the representations of sly. A basis is
1 0 0 1 0 0
O Tl ]

[h, €] = 2e, [h, f] = —2f, e, f] = h.

and

Example.

a) Standard representation: V.= C? = span (z = [}], y = [{]).
hx=x hy=—y TN

-1 1
ex=0 ey==x ) °
Yy T

fr=y fy=0 ~
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b) Adjoint representation: V = sly = C3,

ad: g — gl(g), X+ ad(X) where ad(X)(Y):=[X,Y].
vector space €gl(g)

Now let V be any (finite-dimensional) sly-irrep. Then h has some eigenvector v € V with eigenvalue
A € C. Then
hev = ehv + [h, eJv = eAv + 2v = (X + 2)ev,

and similarly hfv = (A — 2) fv.

So e'v, flv are linearly independent h-eigenvectors for all 7, j. Finite dimensionality shows
that eventually these become 0.

Let’s take v to be an eigenvector such that ev = 0. Choose k maximal such that f¥v # 0. Then

W = span {v,fv,f%, ey fkv} <V
We claim that it’s all of V. Clearly fW < W, and by iterating the Lie bracket,
hflv = (A — 25)#1} eWw (hv = \v)

Finally,
efv= fev+[e, flv =0+ hv = Av,
ef?v = fefv+[e, flfv = Afv+ hfv=(2X —2)fuv,
ef3v = fef?v +[e, f]f%0 = (2A — 2) f2v + hf?v = (3\ — 6) f?v,

effv= (ALt —1))f .
So eW < W, and since V is irreducible, V = W.

Last piece: what is \?
#0

~~
0=ceffv = ((k+ 1)\ —k(k+1)) fFv,

so(k+DA—k(k+1)=0 = A=k

We have proved:
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Theorem 44. The irreducible finite-dimensional representations of slo(C) are parametrized by
nonnegative integers k. The irrep V¥) has a unique vector vy, (up to scalar multiplication) that satisfies
evy, = 0. Furthermore, V\¥) has a basis of h-eigenvectors

V#) = span {Vk, Vg—2y ..., 0_p}
such that
h’Ui = ivi
evgp_20 = L Vp_2042 [Uk—% = (k—0)! f' }
for—or = (k —£) vg_2¢—2
2N SN T N
[ ] [ ] .. [ ] [ ] [ ]
V_k Vo Vg —4 Vg —2 Vg
*xf/ ~____ \f/
f
LECTURE 19

Root Systems

Based on our computations last time, we have proved Theorem 44: the irreducible finite-dimensional
sly(C)-representations are the V¥, k € Z.
Qualitative features:

« Basis of h-eigenvectors.

« e “raises” to a higher eigenspace, while f “lowers”.

+ Representation determined by the largest h-eigenvalue.

Goal: generalize to a broader class of Lie algebras.

Root systems.

Let E be a finite-dimensional real vector space. For any nonzero « € E, let s, € GL(F) be the
reflection across the hyperplane H,, passing through the origin and perpendicular to c.
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Sq sends o to —a. We have

LB
sa(B) =B 2(0[7&) )

N——

= <67a>

where (-, ) is the standard inner product on F.

Definition 45. A root system ® is a finite subset of F/ (whose elements are called roots) which
satisfies:

a) spand = F.
b) If a € ®, then ¢ contains —a, but no other multiples of « (including 0).
c) Forall « € ®, s, preserves ®.
d) Foralla, 8 € @, (B,a) € Z.
« projection of 3 onto span(«) is a half-integer multiple of a;
+ So(8) = 0 minus an integer multiple of a.

The rank of ® is dim E.
The Weyl group of ® is the subgroup W < GL(FE) generated by the s,.

Example. Aj:

la| = |B]
> angle between «, 3
N is 120°
Hotp
—B
(@0} =2=(8.8),  (B.0) =2 = 1= (@) W = (s0.5.5043)

Note. Class activity: determine what these reflections do to the roots and what relations they
satisfy.

What angles 6 can we have between roots?

vl gy = 9@ B) H(@B) _, (af)
< 6>V<Z’—B> Haw G.A T I8P

= (2cos0)? € [0, 4]
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LECTURE 19

<B>O‘><O‘>B> cos 0 0 m (el = 1181
0 0 90° any
1 +5  60°, 120° 1
2 +YZ 450 135° V2
3 +Y3 300, 150° 3
4 +1 0°, 180° 1 (B=-a

Length ratio:

5
} g
| | p
60° | Aso 0!
o « « «

any 1 ﬁ

We have classified the rank < 2 root systems:

Rank 1:
Rank 2:
)\6
2 2
st =s5=1
Al X Al —a > @ @ ﬁ
SaSp = SBSa
Y _B
B a+fp
2 2
st =s5=1
A2 —Q «@ “ g
SaSBSa = $gSaSp
—a—B -8
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a+ 28
A
B a+p
2 2
s, =s83=1
By /Cy —a < > o «
54585453 = 5354535q
—a—B -8
Y
—a—28
a+ 35 2a0+ 33
o+ p
Z si = s% =1
G2 —( < >
505850535058 = 53505854535
—a-p -
—2a— 303 —a— 343
For all these root systems,
W = 2 2 _ _
= <sa, S8y Sq = Sp = 1, sasg--- —55sa'-->,
——

M, g factors

where
180°

My g = m, (@ is the angle between «v and /3)

Definition 46. A base is a subset A C ® such that
a) A is a basis of F;

b) If 5 € ®, then 8 = Z koo, where k, € Z for all a and the k,, are either all nonnegative or

acA
all nonpositive.

Elements of A are called simple roots.

LECTURE 20

Classification of Root Systems
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Recall the definition of a root system ® C £ (Definition 45), its rank dim £ and its Weyl group
W = (sq | @ € ®); and recall that every root system has a choice of simple roots A C &
(Definition 46).

Given A, we can write ® = & LU &~ where
Pt ={peco | B=3eakaa withkq >0} positive roots
o = {,8 € | B =2 nen kaa with kg < 0} negative roots

The height of 8 =) ca kais Y- cp Ka-
Example. A = {«, 8} for all the rank 2 examples above.

Theorem 47. Every root system has a base, which is unique up to the action of the Weyl group.

Proof. See [Hall5, Thm. 8.14, Thm. 8.20] or [Hum?72, pp. 48-51]. O

Properties (see Hall [Hal15] or Humphreys [Hum?72] for proofs).
e (a,8) <Oforalla # 3 € A.

« Every root system has a unique highest root (with respect to a choice of simple roots).
« Given A, there exists a hyperplane H C E such that ® and &~ lie on opposite sides of H.

o Leta, B € ®.
- If (o, B) < 0, then o + 3 is a root.
- If (o, ) > 0, then @ — 5 and 5 — « are roots.

« Every 8 € ® can be written 8 = a1 + ag + -+ + ag, a; € A, such that each partial sum
o1+ -+ + ajis aroot.

« W is generated by the set of simple reflections
S={sa|lacA}.

« Let « € A. Then s, permutes ®* \ {a}.
+ A word for w € W is a product

W = 8y * Sy (Sijes)'

The word is reduced if k is minimal (for w). The length ¢(w) of w is this k for a reduced word.
With this, we have
l(w) = ‘{a€¢+‘w-a§§®+}‘.

Classification of root systems.

Let ® be a root system, and fix an ordering aj, . . ., o, of its simple roots. The Cartan matrix of ®
is the matrix

C= Cq; = (<Oéi,aj>)ij.
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2 0
0 2
A1 X Al AQ BQ/CQ G2

The Dynkin diagram associated to ® (or Cg, or W) is the graph with n vertices with the following
connectivity May,a;:

For example,

C;jCji  my;; Angle Lengthratio Dynkin diagram

0 2 90° ? . ]
1 3 1200 1 —_—
2 4 135° V2 e —
3 6  150° V3 —

longer root

A root system @ is irreducible if it can’t be written ® = & L &5 with $5 C @f; i.e. irreducible
<= connected Dynkin diagram.

Two root systems are equivalent if some rotation/scaling sends one to the other, i.e. if they have
the same Cartan matrix / Dynkin diagram.

Theorem 48 (Classification of root systems). Up to equivalence, the irreducible root systems are the
classical types A, By, Cy, Dy, and the exceptional types Eg, E7, Eg, Fy, Gy listed below.

Proof. See Hall [Hal15] or Humphreys [Hum72]. O

Classical types:

A, (n>1):
O={e;—ej|1<i,j<n+1,i#j}
E =span® = {v e R**! } sum of coefficients = 0}
A={e;—e1]1<i<n}

2 -1
-1 2 -1

Cp = -1 2 . 1 2 n—1 n

|=I (see HW3 #5a)

O ={xe;+ej, *e;|iF#j<n}
A={e;—e1|1<i<n—-1}U{e,}
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2 -1
-1 2 -1
Cop = -1 2 1 2 n—1 n
_ — >
S
W = {signed permutations of 1, ...,n}
Ch (’I’L > 2),With Cy = By:
O ={+te;+e;, £2¢; |iF#j<n}
A={e;—e1|1<i<n—-1}U{2e,}
s -
-1 2 -1
Cp = -1 2 . 1 2 n—1 n
. . L ——

W = {signed permutations of 1,...,n}

D,, (n>4)
O={te;+ej|i#j<n}
A={e—e11|1<i<n—-1}U{ep_1+en}
o g -
-1 2 .
n—1
Cp = U 1 2 n-2
-1 2 -1 -1
-1 2 0 "
i -1 0 2
W e signed permutations of 1,...,n
| with an even number of signs flipped
Exceptional types:
Es j Fy >
12 J G ——
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LECTURE 21

Semisimple Lie Algebras and Root Space Decomposition

Recall:
a) sla(C)-irreps
« determined by their largest h-eigenvalue k (h = [} % |);
+ k anonnegative integer, dimension of the irrep is k + 1;
« e/ f raise/lower into higher/lower h-eigenspaces.
b) root systems

« finite subsets of Euclidean space closed under a reflection group (“Weyl group”) and satisfying
integrality conditions;

« lots of structure (simple roots, positive roots, etc.);

« Dynkin classification: A, By, Cy, Dy, FEg, E7, Eg, Fy, Ga.

Definition 49. A (finite-dimensional, complex) Lie algebra is a C-vector space g with a map
[,]: g X g — g such that

a) [, ] is bilinear;

b) skew-symmetry: [X,Y] = —[Y, X| forall X, Y € g;

c) Jacobiidentity: [ X,[Y,Z]] + [Y,[Z,X]] + [Z,[X,Y]] = 0forall XY, Z € g.

Remark.
« Condition b) implies [X, X] = 0.
« [X,Y] = XY — Y X satisfies these properties; e.g.

(X, [V, Z]] + [V,[Z2. X]] + [Z,[X,Y]]
=X(YZ-2Y)-(YZ-2ZYV)X
+Y(ZX -X2)- (ZX - XZ)Y
+Z(XY -YX) - (XY -YX)Z
=0.

Definition 50.

a) An ideal of a Lie algebra g is a Lie subalgebra ) < g (a subspace closed under [-,-]) such that
[X,H]€bhforal X € g, H €}.
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b) g is indecomposable if its only ideals are g and {0}, and simple if it is indecomposable and has
dim > 2.

c) g is reductive if it’s a direct sum of indecomposable Lie algebras, and semisimple if it’s a direct
sum of simple Lie algebras.

« sl is semisimple. (running example)

« gl, is reductive.

Definition 51 (Def./Prop.). A Cartan subalgebra of g is a subspace h < g such that
a) b is abelian: [H, H'| = 0forall H, H' € b;
b) Ifh C b’ < g, then b’ is not abelian;
c) Forall H € h,ady: X — [H, X] is diagonalizable. (previously we called this ad(H))

Every semisimple Lie algebra has a Cartan subalgebra.

The rank of g is the dimension of any Cartan subalgebra.

Definition 52. Fix a Lie algebra g with Cartan subalgebra h. A root of g (relative to b) is a nonzero
linear functional a: h — C such that there exists X € g\ {0} with

adg(X) =a(H) X forall H € b.
The root space g, is the set of all such X (plus 0). Let = @, be the set of roots associated to g.

Roots seem unlikely, since X must be a simultaneous eigenvector for all of . However,

Theorem 53 (Root space decomposition). If g is semisimple with Cartan subalgebra ), then (as a
vector space)
s=bhoP ..
acd

Proof sketch. Since b is abelian, so is the set { adyy | H € b }, since by the Jacobi identity if H, H' €
b,

[H,[H', X]] + [X,[H H]] + [H',[X,H]] =0,
— —
0 —[H’,[H, X]] by antisymmetry

so ady ady/(X) = adyr adg (X).

It is a fact (HW4?) that a set of commuting diagonalizable operators is simultaneously di-
agonalizable. Choose a basis of g (including a basis of §j) such that the ady are simultaneously
diagonalizable, i.e. for all basis elements X, ady(X) = a(H)X for some function a: h — C.
Since [, -] is bilinear, « is a functional, i.e. a root. Thus the basis consists of a basis for § plus a basis
for g, forall o € ®. O

Remark. We can think of h =: g as the “root space” for the “root” o = 0, since ad g (X) = 0 for
all H, X € b.

Important properties:
« If o, f € © LI {0}, then [gqa, 93] C ga+s. In particular, [gq, g—a] C b.
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Proof. Let X € go,Y € gg, H € b. Using the Jacobi identity,

[H,[X,Y]] = [[H,X],Y] + [X,[H,Y]]
= [a(H)X,Y] + [X,B(H)Y]
= (a(H)+p(H))[X,Y]. O

+ &, is a root system, in the sense of Definition 45 [Hal15, Thm. 6.34].

« All root spaces are one-dimensional [Hal15, Thm. 6.20]. Furthermore, if a € &1, there exist
nonzero elements €, € ga, fo € §—a, ha € b such that

[homea] = 26@7 [hocv foe] = _2fon [eoca fa] = how

This is a copy of sly!

LECTURE 22

Classification of Semisimple Lie Algebras

Today Classification of semisimple Lie algebras.

Recall the definition of a Lie algebra (Definition 49) and the root space decomposition (Theorem 53):
if g is semisimple (a direct sum of simples) with Cartan subalgebra ) (maximal abelian, ady, diagonalizable),
then, as a vector space,

g=b@Pg., where go={Xecglady(X)=a(H)XVHEY}.
acd

Properties: ® is a root system, root spaces are 1-dimensional, and [g, 93] C go+3. Each o € T
is associated to a copy of sla, span {eq, fo, fa }-

Example. g = sl,, = {traceless n X n matrices}. Cartan subalgebra:

h = { diagonal matrices 214+ 4+2,=0p,

—————
\ H J

g=bdspan{E; |i#j},
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LECTURE 22

where F; is the matrix with a 1 in position (¢, j) and zeros elsewhere. Then

21 21
[H, Eyj] = E;j — Eyj
Zn 2
= ziFi; — zj By
= (2 — 2j) Eij
<1
= a;j(H) Eij, where ;; =z — 2.

The «;; are exactly the A,,_; roots

{ei_ej | 1§27.7§n7 /L#j}7
21
interpreting e; as the functional ei( ) = z;. (potentially confusing notation)
Zn
If 1 < j and a = «;;, we have

1 i
ea = Eij, fa = Ej;, ha = [ J
It
ie. ho = Ej;; — Ejj, with the nonzero entries in rows and columns ¢ and j.
If n = 3, we have
[e%1 altag [e%]
—

®={e—ey €1 —e€3 ex—e3, e2—e€1, e3—e€1, e3—€a |,

where A = {1, a2} and @ = {e; — €3, €1 — e3, es — e3}. The root spaces sit inside sl3 as

b Jay Joitas
[y ) Gas
_g*al —Q2 g*QQ h

010 00 0 1 0 0
oy = [0 0 0| fay=1|1 0 0| hey=10 =1 0
0 0 0] 0 0 0] 0 0 0]
[0 0 0] 0 0 0] 0 0 0]
oy =10 0 1| fa,=10 0 0| hay=10 1 0
0 0 0] 0 1 0] 0 0 —1)

Theorem 54 (Killing—Cartan classification). Complex semisimple Lie algebras are in correspondence

with root systems (and therefore Dynkin diagrams).
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Proof. The vector space and bracket structure are determined by the root space decomposition and

the other properties.

Up to taking direct sums, these are:

dimension
Classical:
A sl n(n + 2)
B, s0g,4+1 (special orthogonal) 22 +n
Cn 5Py, (symplectic) 2n% +n
D,, so9, (n>1) 2n? —n

Exceptional: ([FH91, Ch. 22])
E67 E77 E87 F47 G2

78, 133, 248, 52, 14

Symplectic Lie algebras (type C).

spy, = { X €gly, | IX+XTT =0},

where

0

J=

—1

A|B
Note. Class activity (if time): if X = [T‘T] what does this say about A, B,C, D? (B,C

symmetric, D = —AT)

The Cartan subalgebra is

h = sp,,, N {diagonal matrices} =

with roots { te; £ e;, £2e; | }, where ¢;(-)
i := i + n, the embedded sl5’s are:

<1

Zn

-2

—2Zn 1)

= z; as above. Writing H; = Ej; —

«a ‘ Co fa ha
6,‘—6]‘ EZ—EJZ E]Z_Ezl HZ‘—HJ'
e +é€; Eivi + E]}i Ei,j + Eivi H, + Hj

2e; Eii Ei; H;
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LECTURE 23

Special orthogonal Lie algebra (type B (odd) and D (even)).

S02n(+1) = {X € glon(41) | SX + X's = 0} )

1
0 0
1 n
where S = 1
0 0 "
1 for 509,41
0 0 (1) |
If
Al B |(B)
X=| C| DJ(F)| € s0an (€50241),

(G) | (H) | (J)

then B, C are skew-symmetric and D = —AT (£ = —H” F = —G", J = 0).

The Cartan subalgebra is

z1
0 0
Zn
b = 509,(41) N {diagonal matrices} = 2z
0 0
ul 0 0 (0)
with roots {£e; + e;, (fe;)}, where e;( - ) = 2;. The embedded sl,’s are:
« ‘ €a fa ha
ei—ej EZ—Elz EJ_EEZ Hi—Hj
eitej Eij—Eji Eij—Eji Hi+ Hj
(€ Eiony1 — Eont1i Eioni1 — Eony1i 2H;)

LECTURE 23

Highest-Weight Representations
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Recall the Killing—Cartan classification (Theorem 54): complex semisimple Lie algebras are in cor-
respondence with root systems (and therefore Dynkin diagrams), via the root space decomposition

0=be@oss a={Xcglady(X)=a(H)XVH b},
acd

where b is a Cartan subalgebra.
Note that this isn’t just a structure theorem for g, but also for its adjoint representation

adg: X — adx € gl(g).

We'll see today that other representations have a similar structure!

Definition 55. Let g be a semisimple Lie algebra with Cartan subalgebra b, and let 7: g — gl(V)
be a finite-dimensional representation of g.
A weight for 7 is a linear functional A\: h — C, i.e. A € h* (the dual space), such that there exists
v e V\ {0} with
m(H)v = AH)v forall H € b. (%)
The weight space corresponding to A is the subspace V) of all v € V satisfying (*); an element

v € Vi \ {0} is a weight vector for \.
The multiplicity of the weight X is dim V.

Example. If 7 is the adjoint representation, the weights of 7 are ® LI {0}:
o a € ¢ has multiplicity 1, V, = gq;
« A = 0 has multiplicity n, Vo = b.

“Roots are weights of the adjoint representation.”

N

Recall the pairing (3, a) := R

(e,

on b*.

Z

Definition 56. Call an element \ € h* integral if (\, ) € Z for all « € P.

Call A € b* dominant if (\,«) > O foralla € 7.

If A\, u € b*, then A is higher than p if A\ — i is a nonnegative linear combination of simple
roots.

A weight X of a g-representation 7 is a highest weight if A is higher than every other weight of
7, and 7 is called a highest-weight representation.

Theorem 57 (Theorem of the highest weight). Let g be a (finite-dimensional complex) semisimple
Lie algebra.

a) Every g-irrep 7 is highest-weight.
b) m is determined by its highest weight.
c) The highest weights of g-irreps are precisely the dominant integral elements.
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We already proved this for g = sly: there, the dominant integral elements correspond to the
nonnegative integers.

For concreteness, we’ll restrict to g = sls.

Dominant integral weights:

° ° higher
€y — €3 = (X9 © ° ©
°
L] E: L[]
° 51

a1, aig: simple roots

1 = €1 — €9

They are the nonnegative integer combinations of the fundamental weights
€1 = e1, €2 = €1 t+ €2,

which satisfy

1, i=7,
<€i7aj> :{ /

0, otherwise.

Note. Notice that the highest root (the highest weight of the adjoint representation) is the sum of
the fundamental weights.

Here b is spanned by

1 0 0 010 00 0

hi=10 =1 0|, e=10 0 0|, fi=|1 0 0],
0 0 0] 0 0 0] 0 0 0]
0 0 0] 0 0 0] 0 0 0]

ha=10 1 0|, ea=]0 0 1|, fo=10 0 0
0 0 —1] 0 0 0] 0 1 0]

A weight is a simultaneous h1, ha-eigenvector:

€1: hp-eigenvalue 1, hg-eigenvalue 0,

€9: hp-eigenvalue 0, hg-eigenvalue 1.

Write (a, b) := ag1 + bes.

Outline of the proof of Theorem 57 [Hal15, §5.4]. (Should we spend a lecture on this proof?)
Part 1 Every g-irrep (7, V') has at least one weight.
Part 2 Let A be a weight for 7 and o € ®. Then, if v € V), eqv € V4, and fov € V) _q.

Part 3 V' is the direct sum of its weight spaces.
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Part 4 Call a g-representation (7, V') highest-weight cyclic with weight p if there exists v €
Vi \ {0} such that 7(g)v = V and w(e1)v = 7(e2)v = 0. In such a representation, . is
the highest weight of 7 and dim V), = 1.

Part 5 Every g-irrep is highest-weight cyclic, with a unique highest weight.

Part 6 Every highest-weight cyclic g-representation is irreducible.

Part 7 Two g-irreps with the same highest weight are equivalent.

Part 8 All highest weights are dominant integral.

Part 9 All dominant integral elements are highest weights.

LECTURE 24

Properties of Highest Weight Representations,
Definition and Examples of Lie Groups

Last time: the Theorem of the Highest Weight (Theorem 57) — for g a finite-dimensional complex
semisimple Lie algebra, every g-irrep is highest-weight, is determined by its highest weight, and
the highest weights are precisely the dominant integral elements.

Properties of highest weight representations.

Let (7%, V?*) denote the g-irrep with highest weight \.
+ The highest weight has multiplicity 1.

+ The action of the Weyl group sends weight spaces to weight spaces of the same multiplicity.

« 11 € h* is a weight for V* if and only if j is contained in the convex hull of WA and A — 1 is
an integer linear combination of the simple roots.

« Weyl character formula: let

chy(H) := tr(e”w)) = Zmu eMH) ¢ C, H e,
o

where m,, is the multiplicity of the weight ;.. Then

Sy (— 1)) ew O )

1
Z (—1)tw) gwip)(H) ol
weW

[Tocor (ea(H)/2 — e*a(H)/Q)

chy(H) =

— Can extend to g by diagonalizability/continuity.
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— With exponentiation, e - e# = e#++ and chy, - chy = chyyn+---

« Weyl dimension formula:

dim V> = H M_

acdt

(p, cx)

Examples for g = sls:

Class activity:

compute dim V*.

Lie groups [Hal15, Ch. 1], [Bumo04, Ch. 5].

Definition 58. A Lie group G is a group that is also a differentiable manifold such that the
multiplication and inverse maps

GxG—G G—G

(g,h) — gh gr— g_l

are smooth. If G is a closed subgroup of GL,,(C), it is a matrix Lie group.
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Examples of matrix Lie groups: GL,,(R), GL,(C), SL,,(R), SL,,(C), and
» Orthogonal group: O(n) = { g € GL,(C) | g¢" =1}.
« Special orthogonal group: SO(n) = O(n) N SL,(C).
« Unitary group: U(n) = { g € GL,(C) ‘ ggt =1}
« Special unitary group: SU(n) = U(n) N SL,(C).
- Symplectic group: Spy,,(F) = { g € GLan(F) | gJg" = J }, where J = [ _OI é ]
« Compact symplectic group: Sp(2n) = Sp,,,(C) N U(2n).

Lie group ‘ Compact? ‘ Connected? ‘ Simply connected?

GL,(R) X X n/a
GL,(C) X v X
SL,(R) X v X
SL,,(C) X v v
O(n) v X n/a
SO(n) v v X
U(n) v v X
SU(n) v v v
Sp?n (R> X v X
Spa, (C) X v v
Sp(2n) v v v

LECTURE 25

Matrix Exponential and the Lie Group, Lie Algebra
Correspondence

Recall (Definition 58) that a Lie group is a group that is also a differentiable manifold such that the
multiplication and inverse maps are smooth, and that a closed subgroup of GL,,(C) is a matrix Lie
group. Examples of matrix Lie groups: GL,(R), GL,(C), SL,(R), SL,,(C), O(n), SO(n), U(n),
SU(n), Span(R), Spaa(C), Sp(2n).

The matrix exponential is the map

Mat,(C) —s GLn(C)
X el =T+X+ 45X+ 5X%+- -

(converges for all X)
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Definition 59 (Def./Prop.). Let G be a matrix Lie group. The Lie algebra of G is the set g = Lie(G)
of all matrices X such that

X e@ forallt e R, (notC)

Lie(G) is a Lie algebra in the sense of Definition 49 (for complex Lie groups; for real Lie groups,
Lie(G) is a real Lie algebra).

Remark.
a) { etX ‘ teR } is called a one-parameter subgroup.

b) Since { elX ’ teR } is connected and e"X = I, X is an element of the identity component
of G.

c) X = %etx | 1o S0 Lie(G) is the “tangent space at the identity” of G.

Lie group Lie algebra

GL,(C)  gl,(C)
SL.(C)  sl,(C)

U(n) u(n) == {X € gl,(C) ‘ x” +X =0 } (not a complex vector space)
SU(n) su(n) :=u(n) N sl,(C)

O(n) 50,(C)

SO(n) 50,(C)

Sp,(C)  sp,(C)

Sp(n) 5p,(C) Nu(n)

Note. Class activity: think about this relationship for SL,,(C) and s[,,(C).

Definition 60 (Def./Thm.). Let G and H be Lie groups with Lie algebras g and . A Lie group
homomorphism is a smooth (holomorphic, if over C) group homomorphism

¢: G— H.

If H = GL,(C), then ¢ is a (complex) Lie group representation.
¢ induces a Lie algebra homomorphism ¢, : g — b given by

i(b(etX)’

6.(X) =

)
t=0

and conversely, ¢p(eX) = e?+(X).

Furthermore, if G is simply connected, then for every Lie algebra homomorphism ¢: g — b

there is a unique Lie group homomorphism ¢ such that ¢(e¥) = e#(X).

Example. Let

Ad: G — GL(g)

here Ada(X) = AXA™', X eg.
A Ady where Ad(X) ’ g

Then Ad, is the adjoint representation ad: g — gl(g), since e*4X = Ad_x (HW4?).
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Proposition 61. Let G be a connected Lie group with Lie algebra g. Let I, II': G — GL(V') be Lie
group representations and let m, 7w': g — gl(V') be the corresponding Lie algebra representations. Then

a) M(eX) = emX);
d
b) m(X) = GIL(e)|,_:
¢) Il is irreducible <= m is irreducible;
d NIl «— n>=7/;
e) If X € g, A €@, then AXA e g and

T(AXA™Y) = II(A) 7(X) TI(A) .

Therefore, if G is simply connected, the irreps of G and g are in correspondence.

Let G = SL,(C), which is simply connected, with g = sl,,(C) = Lie(G). For o € ®, we have
€as fas Do € sla < sl3. Then SL3(C) is generated by

E,(t) := exp(teq), Fo(t) :=exp(tfa), H,(t) := exp(thy) :
[1 ¢ 0] [1 0 0] ¢! 0 0]
Eq (t) = |0 o F,,()=1|t 1 0| Ho,(t)=1]0 et 0
0 0 1] 0 0 1] 0 0 1
[1 0 0] [1 0 0] (1 0 0]
Ea,(t) 1 t| Fa(t) 1 0| Ha(t)=10 e 0
0 0 1] 10 ¢ 1] 10 0 e_t_
1 t] [1 0 0] et 0 0]
E,(t) = 1 F,(t) = 1 0| Hy(t)=1{0 1 0
10 1] K 1] | 0 e_t_

Let V* be the highest weight representation associated to A, and let i be a weight with weight
vector v,. Then

H(eth)vu _ eﬂ‘(th)vu _ Z W(th)mv

m!
m>0
p(th)™ tmp(h)™
=D o=, —
m>0 ’ m>0 ’

= et”(h)vﬂ (still an eigenvector)

However,

H(etea)v“ _ 67r(t80‘)1)# _ Z W(tea)

m!
m>0

tm
= Z —'ﬂ'(ea)mvu (not cleanly a raising operator)
T ——

m>0
- S Vu+ma

Next time: compact groups and complete reducibility.
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LECTURE 26
Representations of Compact Groups and the Peter—-Weyl
Theorem

Definition 62. A topological group is a group that is also a (Hausdorff) topological space such that
the multiplication and inverse maps are continuous. All maps (e.g. representations) are assumed to
be continuous.

Some important cases:

Compact Lie groups C Lie groups
Ul Ul
Compact groups  C  locally compact groups

small-enough closed
neighbourhoods are compact

Definition 63 (Def./Thm.).

a) A Borel measure is a measure that is defined on all open sets (and thus all Borel sets). Any
locally compact Hausdorff space has a Borel measure.

b) A left Haar measure on a locally compact group G is a Borel measure i, that is invariant under
left translation:

wr(X) = prn(gX) for all measurable X, and g € G.
A right Haar measure on G is a Borel measure g that is invariant under right translation:
ur(X) = pur(Xg) for all measurable X, and g € G.

Furthermore:

¢) Every locally compact group has a left/right Haar measure, unique up to scalar multiple.

d) For compact groups, p, = ur =: p.
Proof. c) See sources in [Bum04, Ch. 1].  d) [Bum04, Prop. 1.1, 1.2]. O

We use this measure to integrate measurable functions on G-

/ﬂm@:/ﬂmww, (4 = iz or i)
G G

When G is compact, let us normalize 1 so that u(G) = 1.
Recall

zﬂ@—{ﬂG%cy/u@P@<w}

with Hermitian inner product (f, f') := [ f( f'(g9) dg and G-action g - f(¢') := f(g~'¢’). This
is the most natural analogue of the regular representatlon (HW1 #4).
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If G is a compact abelian group, then all finite-dimensional irreps of G are 1-dimensional (see
HW4) and any f € L?(G) has a “Fourier expansion”

o= 3 aleh o= [ (NG do
X irred G
L?-inner product

and

/G’ \f(g)IQ dg = Z |CLX|2 (Plancherel formula)
X

We want to show something similar for general compact groups.

Theorem 64. Let G be a compact group. Then every finite-dimensional representation V' is the direct
sum of irreps.

Proof. Use Weyl’s averaging trick. Let (-, -) denote any Hermitian inner product on V. Define

(v,w)g 1=/G<gvygw> dg.

Now, (-, -); is also a Hermitian inner product: conjugate symmetric, linear in the first argument,
positive definite. It is also G-invariant:

(g0, gu)g = /G (hgv. hgw) du(h)

= / <h’v, h,w> du(h') (W' = hg; du(h) = du(gh))
G
= (v,w).
If W < V is a subrepresentation, then U := W (with respect to (-, -) ) is also a subrepresentation,
sinceifu € U, w € W, then
-1
U, W)y = (U, w),, = 0.
(gu, w)e = (u.g " w),
eWw
Thus every subrepresentation has an orthogonal complement, so V' is completely reducible. [

(Compare to the proof of Maschke’s Theorem, Theorem 5.) We have Schur’s Lemma and character
orthogonality similarly to the finite case.

Definition 65. A matrix coefficient for a representation (II, V') of a group G is a function of the
form

¢:G—C,  ¢(g):= L(I(g)v),

where L is a linear functional V' — C.

Example. If v = e;, the ¢th basis vector, and L = e}f is the functional sending v € V to its jth
component, then ¢(g) is the (j,)-entry of II(g).

Definition 66. A representation of a group GG on a complex Hilbert space V' (a complete finite- or
infinite-dimensional Hermitian inner product space) is unitary if (gv, gw) = (v, w) for all g € G,

v,weV.
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We have seen that finite-dimensional representations of finite and compact groups are unitarizable
(able to be made unitary).

Theorem 67 (Peter-Weyl Theorem). Let G be a compact group.

a) The matrix coefficients of G for finite-dimensional representations are dense in the set
C(G)={f: G— C| f continuous }
of continuous functions on G, with respect to the L°°-norm

|f=f|.=sup|flg) — f(9)|
geG

(and therefore in L*(Q), since C(Q) is dense in L*(QG)).

b) Any unitary representation of a compact group on a complex Hilbert space is a direct sum of
finite-dimensional irreducible representations.

c) We have the (completed) direct sum decomposition

L2(G) — @ Vﬂ@dim\/}r’

™

where the sum is over all unitary irreps (7, V).

We’ll use convolution of functions:

(f f)(g) = /G F(gh™) () dh = /G () f (" g) dh,

which is always defined if f, f' € C(G).
If € C(G), let T be the L?(G)-operator

(Tyf) =9 * f,

and let
V) i=V(\g) = {f € LXG) | Tyf = \f}
be the A-eigenspace.
Ty is bounded, satisfying | Ty f| _ < [¢| |f]; forall f € L'(G), and self-adjoint if $(g~1) = ¢(g).
Using the Spectral Theorem for compact operators, the V() are orthogonal, span L?(G), and if
A # 0, V() is finite-dimensional; in fact, if ¢ > 0, ZI/\\>q dim V(\) < oo. ([Bumo04, Ch. 3-4])
In addition it is invariant under right multiplication (p(g) - f(h) = f(hg)): if T, f = Af, then

(Top(a)f) (z) = / o(xh™") f (hg) dh = / o(xgh™)F () dh = p(g)(To ) (x) = (Ao(9) ) ().
G G
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Proof sketch of Theorem 67a). Let f € C(G) and € > 0. We will show that there exists a matrix
coefficient f’ with |f — f'|  <e¢
Since f is continuous on a compact set, there is a neighbourhood U of 1 € G such that

lg-f— floo <€/2 forallg € U.

Let ¢ be a nonnegative function supported on U such that [ ¢(g) dg = 1 and #(g~ 1) = 9(9).
Thenif h € G,

Ty f(h |—k/ (67'h) — 6(g) £ (1)) dg

g/¢@ﬂﬂy¢»—ﬂMMw
U

S/U¢(g)lg-f—f!oo dg

< [ #(g)-5dg =35,
U

o [Tyf — fl. < 2/2.
Let f be the orthogonal projection onto V (A\) < L?(G). Then the f are orthogonal, so

1/2
S IAB=1fl5 <00,  where |f], = (/G|f(:c)|2 dx) . (%)
A

For ¢ > 0, let
" __ Z f)” f/:T¢>(f”)-

IAI>q
We have f', f" € @», V(A) =t Vg, which is finite-dimensional.
We claim that every F' € V, is a matrix coefficient. Since V() is right-multiplication invariant,
p(g)F € Vyforallg € G. Then W = span{p(g)F |g € G} < V, is a finite-dimensional
G-representation. Let L: W — C, L(¢) := ¢(1). Then

L(p(g)F) = (p(9)F)(1) = F(g),

so F'is a matrix coefficient, proving the claim.
By (*) we can choose ¢ such that

Z fALS‘ Z f’\‘2<2|;|oo‘

0<|\|<q 0<|A\|<q
We have
Ty(f—f") = ( > fA)—T¢< > f,\>,
0<|A<q 0<|Al<q
and so
To(f = )] <ol | 22 5| <5
0<|A\|<q
Hence
F =Pl SV =Tl g+ |Tof ~Tof"| < 5+ 5 =

2

Parts b) and c) are next time.
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LECTURE 27

Proof of the Peter—-Weyl Theorem

We are finishing the Peter—-Weyl Theorem (Theorem 67); part a) is done, and it remains to prove b)
and c).

Proof of Theorem 67b). Let G be a compact group and V' # 0 be a unitary representation. Let
v € V' \ {0}. Let N be a neighbourhood of 1 in G such that |II(g)v — v| < |v| /2 forall g € N.
Let ¢ € C(G) have supp ¢ C N and [, ¢(g) dg = 1.

Now,
/¢ g)vdg, v /<b v —1I(g)v) dg, >
and
([ etao-110) dg. o) < [ fo-1itaye do- o<
songb g)vdg # 0.

Lete > O and, by a), choose a matrix coefficient f such that | f — QS\OO < ¢&. By unitarity,

(¢~ )@t <<l
so for small enough ¢, [, f(g)IL(g)v dg # 0.
Since f is a matrix coefficient, so is g + f(g~!) [Bum04, Prop. 2.4]. So write f(g~!) =

L(p(g)w), where (p, W) is a finite-dimensional representation, w € W, and L: W — C s a linear
functional. Define the map 7': W — V by

T(x) = /G L(p(g~H)a)T(g)v dg.

T is G-equivariant by the usual change-of-variables argument, and 7" # 0 since

/f g)dg £0.

Thus im 7" is a nonzero finite-dimensional subrepresentation, so V has a finite-dimensional
irreducible subrepresentation. Then by Zorn’s Lemma, the maximal direct sum of orthogonal
finite-dimensional irreps is V itself. t

Proof of Theorem 67 c). The proof is similar to HW4 #4 (which is in the case of finite groups). [

69



MATH 506: GROUP REPRESENTATION THEORY LECTURE 28

LECTURE 28

Complete Reducibility for Representations of
Semisimple Lie Algebras and Groups, Polynomial
Representations of GL,,(C)

In the last two lectures we did the representation theory of compact groups. In particular, their
finite-dimensional representations are completely reducible.

Definition 68. Let GG be a complex reductive group.
a) G is semisimple if its Lie algebra is semisimple.
b) G is reductive if its Lie algebra is reductive.

(There are several variants of these definitions.)

All of the complex Lie groups from Lecture 24 are reductive.

Theorem 69 (Weyl’s Theorem). All finite-dimensional representations of complex connected semisim-
ple Lie algebras and Lie groups are completely reducible.

We'll say that such an object has complete reducibility.

Very rough proof sketch. See [Hall5, §6.1].
a) Compact groups have complete reducibility (Theorem 64).

b) So Lie algebras of simply connected compact Lie groups have complete reducibility, using the
Lie group-Lie algebra correspondence (Proposition 61).

c) Every complex semisimple Lie algebra is the “complexification” of a Lie algebra from part b).
Furthermore, complexification preserves complete reducibility.

d) So again using the Lie group-Lie algebra correspondence (Proposition 61), all complex con-
nected semisimple Lie groups have complete reducibility. O

What about the reductive case?

Example. g = gl,(C) = sl3(C) @ 3, where
_Jla O
I=110 a
~la O .

LT P
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is a Lie algebra representation, but

0 a| |z| |ay

0 0|yl [0]
so the only eigenvector is [}]. So neither 3 nor gl,,(C) have complete reducibility!
Let’s try to exponentiate this representation using Proposition 61:

mﬁzr“oy

0 e®

H(ﬁ'%):g%%nwwazﬁiy

b 0\ (1 logb , .
1I ( [0 b] ) = [0 1 :| (not a (continuous) representation!)

Note that GL,,(C) (and C* = GL;(C)) are not simply connected.

ie.

It turns out that GL, (C) does have complete reducibility:
GLn(C) = (C* x SLy(C)) / i, (nth roots of 1)
Thus every GL,, (C)-representation can be inflated to a C* x SL,,(C)-representation via
C* x SL,(C) - GL,(C) — V.

The (holomorphic) irreps of C* are z + 2", and the irreps of SL,,(C) are the highest weight
representations (exponentiated from the highest weight representations of sl,, (C)).
So the GL,,(C)-irreps turn out to be of the form

(det: g — det(g))

det QN ® V)\
M ~ (A a dominant weight)
C* -representation highest

“central character”  Wweight representation

and all (finite-dimensional, holomorphic) GL,,(C)-representations are direct sums of these repre-
sentations.

Now, dominant weights in type A,,_; are of the form

)\:a161+a2(61+62)+~-+an_1(61+--'+en_1)
:()\17A27"'?)\TL—1)7 AIZ"'E)\n—1207 )\ZGZ

Integer partitions with < n — 1 parts!
Remember that we view e; as the linear functional
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Insl,(C), e, = —e; — - —ep—1. Butin gl,,(C) it is linearly independent, and we have the weight
(/\1,)\2,...,)\n), A € Z.
Central character:
A =aA1+ -+ Ap).

a

Tensoring by det corresponds to adding 1 to each \;. So dominant means
AL 2 2 A1 2 Ay,

and tensoring by det®(=An) gives back the sl condition A\ > --- > A,,_1 > 0.
Exponentiating yields

diag(ay,...,an) ——> a1 + -+ apAy
exp exp
diag(by, ..., by) —————> b}l - bn

and further arguments show that all the matrix coefficients are Laurent polynomials in the matrix
entries.

Definition 70 (Def./Thm.). A representation 7 of GL,,(C) is polynomial if all its matrix coefficients
g — (ej, m(g)e;) are polynomial functions (in the entries) of g. 7 is rational if its matrix coefficients
are rational functions of g.

IfA=(A,...,\n), A1 > -+ > )\, is a dominant weight, then the (exponentiated) highest
weight representation V' is rational, and if \,, > 0, it is polynomial. Every rational representation
can be written in the form det®(~® @V* where V* is polynomial.

LECTURE 29

Schur-Weyl Duality

Recall Trreps of Sj: Specht modules S*, A = k. Polynomial irreps of GL,,(C): highest weight
representations V*, £/(\) < n (remove trailing zeroes).
Today Duality between these two theories.

First, to sum up last time: the polynomial and rational representations of GL,,(C) are as described
in Definition 70.

Let V be a finite-dimensional vector space. If A C End V, let

Comm(A) ={beEndV |ab=baVa € A}.
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Theorem 71 (Double commutant/centralizer theorem). Let A C End(V') be a subalgebra such that
V' is a completely reducible A-module. Let B = Comm(A).

a) Comm(B) = A.
b) V is completely reducible as a B-module.
¢) Asan (A ® B)-module, we have the decomposition

Vg@Ui@)Wi,

where U; (resp. W;) are the distinct A-irreps (resp. B-irreps) appearing in V. The U; and W
determine each other, and

Hom(U;,V) =2 W; as B-modules,
Hom(W;,V) = U; as A-modules.

Proof. See [GW09, Thms. 4.1.13, 4.2.1]. O

Set GL,, = GL,,(C) and let V= C" be the standard representation. Then
VO —span{v @ --- @ |v; €V}
is a GL,,-representation p under
g- (M ®---Qug) =gv ® -+ ® gug
and an Sj-representation 7 under
W (01 @ @ V) = V1) ® - @ Vo1 (p).

Let
A = span(p(GLy)) C End(V®k), B = span(7(Sk)) C End(V®k).

Proposition 72. We have Comm(A) = B and Comm(B) = A. As a (GL,, xS)-representation,
vk (B E ® F, (%)
%
where the E' are distinct GL,,-irreps and the F'* are distinct S-irreps. (Later, we will see which ones.)

Proof. Since V is finite-dimensional and since GL,, and Sj; have complete reducibility, Theorem 71
applies, and if we can show that Comm(A) = B the rest of the statements follow.

By inspection, B C Comm(A) and A C Comm(B). Thus it suffices to show that Comm(B) C
A

Let {e1,...,en} be the standard basis of V. For I = (i1,...,ix), let |I| = k and e; =
ey, @+ ®@e;,. Then {e; | |I| =k} is a basis for V¥, and the Sj-action can be written

wey = ey, where w - I = (iy-101)s - -+ 5 Tyy—1(k))-
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Write T' € End(V®*) as a matrix relative to this basis:

TCJ: E ay jer-
I

Then
T(w-ey)=T(ewrs) § arwrer
and
w-T(ey) = E ar jepr = E Qy-17,7€1,
I J;
so

T € Comm(B) <= ajwj = ay-17; Yw,1,J

(%)

<~ QulwJ = 01,J Yw, I, J.
Consider the bilinear form (X,Y) := tr(XY) on End(V®*). This is nondegenerate, i.e.
(X,Y) = 0forall X implies Y = 0.
We can project onto Comm(B) by averaging:

X — Xi= % Z m(w)X7(w)™! € Comm(B),

’ wESy

and if T' € Comm(B), then

= Ztr (w)™'T) = (X, T),

since the trace is cyclically invariant and 7" commutes with 7. Thus if (X,7) = 0 for all X €
Comm(B), then (X, T) = 0 for all X € End(V®*), so since (-, -) is nondegenerate, T = 0. This
means (-, -) is nondegenerate on Comm(B).

To show that Comm(B) = A, it thus suffices to show that if " € Comm(B) satisfies (X, T") =
Oforall X € A (ie forall X € GL,,), thenT = 0.

If g = [gi;] € GLy, then p(g) = [g1,s] where I = (i1,..., 1), J = (j1,...,Jk) and g1,5 =
Gi1 g1 ° " Yin,j,- NOW, we assume

0=(T,p(g ZGIJQJI Vg € GLy, . ()
By continuity, (x*) also holds for all X = [z;;] € Mat,,(C). By (x), if X € Mat,(C) C Comm(B),

then
L1 = Twiwl Yw € Si.

0= g ar jry; = g Moy Gy Ty,
I,J v

where the sum is over a set of representatives v = (, .J) of the Sj-orbits of the set of ordered pairs

So we have

(I,J); ay :=ay j and x~ := 1 are constant on these orbits, and we set n, =[S, - /.
Think of this as a polynomial function in the n? variables [z;;]. Then the z., are linearly
independent, so a, = 0 for all y, and therefore 7" = 0. Hence A = Comm(B). O
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LECTURE 30

Schur-Weyl Duality (cont.)

Last time, using the double centralizer theorem (Theorem 71), we proved Proposition 72: for V' the
standard representation of GL,,, A = p(GL,), B = 7(S;,) C End(V®*), we have Comm(A) = B
and Comm(B) = A, and as a (GL,, xSy )-representation

vek = (BFE ® F, ()

where the E' are distinct GL,-irreps and the F* are distinct Sy-irreps.

Today: which representations are these?

Let T = (C*)" < GL,, be the subgroup of diagonal matrices. Since 7" is abelian, by HW4 #1 V ©*
is a direct sum of T-weight spaces:

V®k: @ V,u, diag(zla---azn)v:M(Z1,...,Zn)v

= Mk
=2 zhmo Vv € V.

e weight
Here p is a composition (1, ..., fin), 1 + - -+ + pn = k. In fact,
V., =span{er | ur=p}, where (u1); = # e; appearing in e;.

SoV, #0 <= p € Comp(k,n), the compositions of k with n parts.
In particular (using Definition 70), every E is a polynomial representation of GL,.
Since the actions of 7" and S, commute, V), is an Si-module for all 4 € Comp(k,n). Basis

vectors e; € V), I = (i1,...,i,) with p; copies of j, are in (Si-equivariant) bijection with
diagrams

aiag - < positions of 1’s in I, in increasing order

b1 bg v < 7 2’s

crcy - — i 3’s

Tabloids! Thus, we have proved:

Lemma 73. As an Si-module,
Vi, = M-,

where M* is the span of u-tabloids with action as in Definition 24.

Note that M#* =2 M for any rearrangement \ of the parts of .
Now, since every S* appears in some M* and by Theorem 40, we have |\| = |u| = k,
0(N) <L(p) =n,and A > p.
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Since the V), span V@ and since the F? in () are distinct Sj-irreps, we can rewrite (x):

vebe B Bre S
AePar(k,n)
where Par(k,n) is the set of partitions of k& with length < n.

It remains to determine the E*. Fix A € Par(k,n). Let v be a GL,-highest-weight vector in
E*® S, and let u be its weight, so that v € V), 2 M#. We will show that u can be taken to equal
A, and by uniqueness, it must be \.

As in the proof of Theorem 40, M* can be identified with C[T),,], the span of tableaux of shape
A, content . Furthermore, v € S A < M is a linear combination of elements

v = E Cw,T Vw, T Vo, T = Kt 5 wS,
w, T Se{T?}

where ) is the tableau of shape A numbered 1,2, ... in reading order. Unless A > p, vp 7+ = 0 for
all T, T" € C[Ty,].

Since v is highest-weight, it is highest weight for the corresponding gl,,-representation, so the
raising operators

Xi=FE ;1= 1 i (usually called e;, but changed for notation reasons)
0] i+1

have X;v = 0 for all 7. Here the action is
Xi(8)=>_8,

where S’ € R;(S) := {tableaux formed from S by changing an i + 1 to an i}.
We have S € 7, = S5’ € T),, where

V= (s ity i+ 1 i — 1 iy ooy i) A

Thus
Xz‘('Uw,T) = Kt, Z sz<S) = Vw,x,(T) € S/\ NnM"Y.
Se{T}

So taking A = p gives v, x,(7) for all 4, so v is highest weight.

We have proved:
Theorem 74 (Schur-Weyl duality). As a (GL,, x Sk)-representation,

vebe B viesh
AePar(k,n)

If n > k, then all irreps of Sy, appear.
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LECTURE 31

Symmetric Functions and the Frobenius Characteristic
Map

Last time: Schur-Weyl duality (Theorem 74) — as a (GL,, xSk )-representation,

vehe B Vi st
AePar(k,n)

Corollary 75. In the highest weight representation V*, the weight space multiplicities are given by
the Kostka numbers:
dim V= ky,..
weight space for 11
inside V>
Proof. Using Schur-Weyl duality, treating V¥ as an Sy-representation, we have
viEe @ Ve @(n (e s) =@ e s,
AePar(k,n) AL A,
and on V),, using Lemma 73, this gives

P st =Mt =V, =PV, ® ) = P (dim V) SN, O
A A A

Symmetric functions [Mac95], [Sta99].

Definition 76. The ring of symmetric functions is the ring A C C[[z1, x2, . . . ]] consisting of power
series of bounded degree that are symmetric under permutations of the z;.

Setting x,, 11 = Tpy2 = - - - = 0 gives symmetric polynomials in n variables.
Several important bases, all homogeneous of degree |A|:

o elementary symmetric functions

€k = E Tiy * o Ty, EXN = €E\1€)y "
i1 <<l

« complete homogeneous symmetric functions

hk‘: Z xil"'xika h)\:h)\lh)q"'

11 < <ig
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LECTURE 31

« monomial symmetric functions

_ A Ar
mx = § : xill"'xig
1,000
distinct
« power sum symmetric functions
— k —
DL = Ty, DX =DPxPxy
i>1
o Schur functions

Sy = Z 27T = Z ka2t = Z Fxumy,

SSYT T 4 comp. o part.
of shape A AN

with sy = hy and S(1k) = €k-

Schur functions satisfy several nice identities, including (see e.g. [Mac95, Ch. 1]):

+ Cauchy bialternant / Weyl character:

sx(x1, ... xn) =

>wes, (1) ap ’ i<j

In particular, it is the character of the highest weight representation V.
« Cauchy identity:
1 1
[I-——— =Y _sx@sxv) =Y —pu(@)puly),
o 1 - xzy‘] Z:Uf
[2¥} A M

where 2z, = pypg - my(p)! -
number of parts
of size ¢

« Pieri rule:

his, = E Sy, eRSy = E S)/s
A A

where the sums are over all A such that [A\| = |u| + k and X, — p) <1 forall 4.

« Jacobi-Trudi rule:

sy = det[hy1ji] 1<ij<O(N) — det [ekéﬂ'ﬂ‘} 1<i,j<O(N)
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Proposition 77. Let g € GL,, have eigenvalues x1,...,x,, and let w € Sy have cycle type
n= (Mla cee 7#()' Then

tryer (g, w) = pu(T1, ..., Tn).
Proof. By continuity and conjugation, we can assume g = diag(x1, ..., z,). Then
(g,w)-er =z - Ti €1, where w - I = (iy-1(1), - -+ Gup-1(k))-
Now, e,,.; = ey if and only if 7; is constant on each cycle of w. For such an I, let j1, ..., j; denote

the values of ¢ on each conjugacy class. Thus we have

try ek (gv w) = Z Ly - Ty,
1

w-I=1
_ 0 Iz
- Z lel o xjez
1<j1,0e<n
= Dy () P () - - - Dy () (= (z1,...,20))
=pu(x). O

LECTURE 32

Proof of the Murnaghan-Nakayama Rule

Extra topics We'll try to cover all three: invariant theory, quiver representations, quantum groups.
Today Proof of Theorem 42, the Murnaghan-Nakayama rule: for all A, x = n,

) = 3 (DO ),
3

where the sum is over all border strips of A of size p1.

Let R¥ be the space of class functions on S, and let R = Di>o RF. Let A* be the space of
homogeneous symmetric functions of degree k. Recall that x* is the character of $* and w,, is a
permutation of cycle type p.

Definition 78. The Frobenius characteristic map ch: R — A is the map

Theorem 79.
a) ch(x}) = s.

b) ch is a bijective linear map.
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¢) ch is an isometry with respect to the standard inner product on class functions and the inner

product on A defined by (s, s,) = Ox,.
d) ch is an algebra isomorphism with respect to multiplication in A and the induction product
RF x R™ — RFT™

Sk+m
XY — Indg s (x ®1).

Proof.
a) Consider the S, class function w +— try ek (g, w). By Proposition 77, tryex (¢, w) = pu(z),
where x1, ..., x, are the eigenvalues of g.

On the other hand, by Schur-Weyl duality, if n > k,

tryer(g,w) = Y trya(g) X (w).

'_
Ak sy (@)

Equating, and applying the Frobenius characteristic map, gives

S L @puly) = 3 sa(@) ch(x) ().

z
urk H AFn

By the Cauchy identity and linear independence of the sy (), we have ch(x*) = s,.
b), ¢) Follow since the x* and s are orthonormal bases.

d) Frobenius reciprocity (HW5).

Corollary 80 (Frobenius character formula).

L\
sy = X wa) P
urk H

so x* (wy) is z,, times the coefficient of p,, in the expansion of s in the power sum basis.

Proof. Apply the definition of the Frobenius characteristic (Definition 78) and Theorem 79a). [

Proposition 81. For all i and all k,

PrSuy = Z(_l)h()‘/ﬂ)(S)”
A

where N/ := X\  is a border strip of size k.

Proof of Theorem 42 from Proposition 81. First we expand p,, in the Schur basis. Note that
Ch(z,u«(su)\) = Pu>
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and so

isom. 1 C
<p,u7pl/>lso:m<zu5,u/\a ZV5V)\> = E Z Zuky = ZMZV|I€I'L‘5MV - zM(SHV'
T weCuNCy ’

By the Frobenius character formula (Corollary 80),

(s2.22) = 32 2 (w) (2 = X,

so since the s) are orthonormal,

Pp = Z X" (wp) su-
v

Now, let i’ = (pi2, - . -, fte())- Then
X/\(wu) = <S)\7p,u1p,u/> = <S/\7 Py ny(w,u/)sl/>

= ZX”(%') {52 P sv)

v
Proposimflxu(wuﬂ {(()—1)}‘()‘/”), it; A/v is a border strip of size y;,
- , else,

as desired.

Proof of Proposition 81. (See [Sta99, §7.17].) Let n > 0.

Step 1.
n
AaoPk = Z Aatke; where a, = Z (_1)www(a)’ € = (0,...,1,...
j=1 WES J
Indeed,
n
i = Y (1) 3 e
wESy i=1
n
— Z (—l)w Z $w(a)+k€w(j) (7 _ ’lL'_l(i))
wESy 7=1
n
_ Z (_1)w wa(a+k5j)
wESy j=1

n
= E Aotke; -
J=1

Step 2: expand p;s,. By Step 1 and the bialternant formula,

n
_M_Z%
- b

DkSu = (= p+p)
Gp

a
=1 °F
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If aj + k = «; for some ¢, then Aatke; = 0. Otherwise, there is a unique rearrangement v := v
of a + ke; that is a strict partition: 1 > v > ---, and

a, = (—1)j_paa+k6j7 where Vp = (Oé + kej)j
So a
s () y
e = ST T 1y
ap ——

J J —)

Step 3. The result now follows from the claim that A\U) = i+ a/the border strip starting in row j
of size k, and h(\/p) = j — p.

We “prove” this by example:

n=(6,4,3,31) j=5 k=4
a=p+p=(10,7,54,1)
a+ ke; = (10,7,5,8,1) p=(6,4,3,3,1)
v =(10,8,7,5,1) A=(6,5,54,1)
A=v—p=(6,5541) p=2 j-p=2=h(\n)

Starting next week: extra topics!
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Extra Topic I: Invariant theory

LECTURE 33

Definitions and Finiteness

Invariant theory [GW09, Ch. 5], [KP96].

Let V be a finite-dimensional C-vector space and let G — GL(V) be a representation, where G is
a finite group or a C-matrix Lie group, e.g. GLy,, SL,, O(n), Spy,,.
This induces a G-representation on the coordinate ring C[V] := Sym(V*) via

(g-Hw)=flg ), geG, feCV],veV.

If f is homogeneous of degree d, sois g - f.

Definition 82. f € C[V]is an invariantif g - f = f for all ¢ € G. The ring of invariants is the
subalgebra of invariants

ClV]:={feC[V]|g-f=fVgeG}.

Remark. More generally, if X is an affine variety and G acts on X, then we similarly have a
G-action on C[X], which is sometimes a representation.

Examples:
a) G =5,V =C" = span{vy,...,v,}, with S, acting on V' by permuting coordinates:
w - v; = Vy-1(;). Then C[V] = Clzy, ..., x,] where z;(v;) = d;5, and the ring of invariants is
Sn ring of symmetric ~
Clev, - ozal™ = polynomials in 1, ..., 2, Clev, - enl,

the e; being the elementary symmetric polynomials, by the Fundamental Theorem of Symmetric
Functions (or see Lecture 31).

b) G = SL,, V = Mat,,(C), with SL,, acting on V' by left multiplication, g - X := gX. We claim

C[Mat,,]3t = C[det], where det = Z(—l)szw(l) e Znwmn) € C[V].

w

On one hand, det(gX) = det(g) det(X) = det(X), so det € C[Mat,,]3".
Conversely, if f € C[Mat]5"", then define p € C[t] by

t
p(t) = f
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Then if A € GL,, with det A = ¢,

fa=slg| - 1):f -]

Since GL,, is (Zariski) dense in Mat,,, f(A) = p(det A) for all A by continuity.
¢c) G=0(n) = {g e GL, ‘ gg =1 } V = C", acting by left multiplication. Then

CVI°W =Claf + a3+ +a2],  N°(v) = |o|*.

n

N2

d) G = GL,, V = Mat,, with the action by conjugation g - X := gXg~!. The characteristic
polynomial is

n
chy (t) = det(t] — X) ="+ ) (—1)’e;(X)t" ™,
i=1
where e; = ¢;(X) is the ith elementary symmetric polynomial in the eigenvalues of X. Then
conjugation preserves chx (t), so

Cley, ..., en] C C[Mat, ],

On the other hand, if f € C[Mat,]%", then if D = {diag(a1,...,a,)}, f|p is symmetric in
aj,...,an, and a similar continuity argument to the above shows that f € Cleq, ..., e,].
Also note that try,: X ~ tr(XF) is the kth power sum symmetric function in the eigenvalues
of X, so

C[Mat, |t = Cltry, tro, . . ., try)].

Other examples: [KP96].

Questions.
Q1  Is C[V]% finitely generated?
Q2  What is a set of generators? — First Fundamental Theorem (FFT)

Q3  What are the relations between these generators? — Second Fundamental Theorem (SFT)

Theorem 83 (Hilbert’s Finiteness Theorem). If G has complete reducibility (reductive), then C[V]%
is finitely generated.

(In general, the answer to Q1 is “no”.)

Definition 84. A Reynolds operator is a linear map R: C[V] — C[V]% satisfying
« R(f) = fforall f € C[V]Y
« R(f-9)=R(f) ¢ forall f € C[V],+ € C[V]°.

R always exists if G is reductive (the averaging operator if G is compact).
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Proof sketch of Theorem 83. Write J = C[V]% and J, = { f € J | f(0) = 0}. Let I be the ideal
I=(J;) CClV].

By the Hilbert basis theorem, C[V] is Noetherian, so I is a finitely generated ideal, I =
(P1,- .., Pm) with ¢; € J4 homogeneous. We claim that J = C[¢1, ..., dm].

Let ¢ € J+ be homogeneous of degree d > 0, and induct on d. Since ¢ € J+ C I, write

¢ = Zfid%’ with f; € C[V].
Apply the Reynolds operator:
¢=R(¢) =D R(fiti) =) R(f:) 6
i i €

We have deg R(f;) = d — deg ¢; < d, so by induction each R(f;) € C[¢1, ..., dm]; hence so is
&, 0

LECTURE 34

FFT for Classical Groups

Last time Q1: yes for reductive groups (Theorem 83).
Today Q2 for GL,, and other classical groups.

Let V = C". Both V and V* are GL,,-representations:
g-vi=gv (veV), g-pi=pog ! (pe V™).
SoGLjactsonW =VPa (V*)I=V@---dVaOV"Q---dV* by

g (V1y e Uy P15 pg) = (gUI, - gUp 100G i pgog ).
%%

For1 <1 < p,1 <5 < g, the contraction is the map
(1]7): W — C, w — @j(vs).
We have (i|j) € C[W]%n, since
g+ (i) (w) = (il7) (g™ w) = (¢; 0 9)(g™ w) = p;(vi) = (il5)(w).
Theorem 85 (FFT for GL,,). C[W]%In is generated as a C-algebra by the contractions (i|j).
We'll start with the special case of multilinear functions:
f()‘lvla ey ApUps 115 - - - a#q@q) = A1 Ap e g f(w),

which are elements in (V&P @ (V*)®q)*.
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Lemma 86. The multilinear elements of C[W]SLn satisfy:
a) If p # q, the only such function is 0.
b) If p = q, they are spanned by { f, | o € S, }, where

folw) = H Do (i) (i), ie. fo= (0(1)|1) e (O‘(p)‘p).
=1

Proof. Let g = Al € GL,, A € C*. Then if f # 0 is multilinear,

(9- Hw) = F(A w) = X7P f(w).

GL,-invariance thus requires p = q.
If p = ¢, then the multilinear functions on W are (U ® U*)* = End(U), where U = V®? and
GL,, < GL(U) acts on End(U) by conjugation. The isomorphism is

a: End(U) — (U U")*, a(A)(u® ¢) = ¢p(Au),

which is GL(U)-equivariant, hence GL,,-equivariant.
Now, if f € (C[W]GL", by Proposition 72,

f € Ender, (V¥P) = span{oc |0 € S, } C End(V®P).
Finally, if o € End(V®?), then

a(@) (11 @RV Y1 R - @ pp)

= (‘Pl®“'®¢p)(0(vl®”'®1’p))

= (P1® ® ) (Vo1(1) © -+ O V1)

= (1]vomr) - (2plvo1(p)

=fo(1® - @VRPYI®---Qpy). O
Proof sketch of Theorem 85. A function f is multihomogeneous if there exist dy,...,dp,e1,...,¢q
such that .

FA0L, - Apup 11, - figpg) = AL - A" gt g f(w).

Any f € C[W] is the sum of its multihomogeneous components.

Any multihomogeneous f € C[W]%Ln of degrees dy,...,dp,e1,...,e4 with D = 3 d;,
E =" e;, has a unique polarization, a G-invariant multilinear function

Fec[vP e (veF)Stn

that satisfies the restitution

f(vl)"'7vla-”avpa--'a’UpaQOlv'--)SOla--wSOqa"'v(pq):f(vlv"')vpvsola"'a@q)'
—— N o —— —_———

di dp €1 €q

By Lemma 86, fis generated by polynomials in the contractions (i|7), so by restitution, so is f. O
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Other FFTs.

Theorem 87.

a) Let V = C" and let (v, w) := v - w. Then C[V*]9") is generated by the quadratic polynomials
(vi,v5), 1 <i<j<k.

b) Let V. = C?" and let (v,w) := v! Jw, with J as in Theorem 54’s symplectic case. Then
C[V¥]SP20(C) js generated by the quadratic polynomials (v;,v;),1 <i < j < k.

¢) Let GL,, act on End(C™)™ by simultaneous conjugation:
g-(A1,..., An) = (gAlg_l, .. ,gAmg_l).
Then C[End(V)™] Gln i generated by elements
tr(Ail--'AiT), 1<i; <m, r <n?.

(A special case of Theorem 85.)

LECTURE 35

SFT for GL,, and Invariant Theory of Finite Groups

For GL,, Q1: yes. Q2: generated by contractions (Theorem 85). Q3: today.
Also today Finite group invariant theory (Molien series).

Recall W = VP & (V*)? with GL,, = GL(V') acting by

1

g'(vlw'va)%pla"'v@q): (gm,---,gvp,smog_ ,...,QDqu_l).

w=(v,p)

Identify
VP = Hom(CP, V), e — v, (V*)? = Hom(V,C?), v (01(v),...,¢0q(v)),
and define
p: W — Mat, ,(C), w(v, ) =pov: CP 25V 25 C? € Hom(CP,CY),

ie.

pr(ve) - p1(vp)
(v, @) = p2(v1) - pa(vp)
‘Pq(.vl) T Soq(.vp)
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The pullback is

p: C[Matq,,] — C[W], fr— fou,
and p*(z;5) = zij o u = (j|i), where z;; is the coordinate function. By the FFT (Theorem 85),
w*: C[Mat, ] — C[W]%En is surjective.

Theorem 88 (SFT for GL,,). The kernel of 1* is the ideal I,, 11 C C[Mat, p] generated by (n+1) x
(n + 1) minors. In particular, if n > min(q, p), then the contractions are algebraically independent.

We'll need:

Theorem 89. I, is a radical ideal, corresponding to the determinantal variety

Déf;) ={Z e Maty, |rankZ <n}.

Proof of Theorem 88. We claim that im y = Dézp). Since (v, ) factors through V, its rank must
be < n. Conversely, if Z € Mat, ; has rank < n, then it can be seen to factor into Z = XY with
X € Maty,, Y € Mat,, p, so Z € im p.

Indeed, if Z has rank r < n, we can write

Z:U[L" O}V, U € GL,, V € GL,,

——
gxp

and then take

X=U |:Ir 0:| S Matq,n, Y = |:IT O:| Ve Matmp .
——— N——
gxn nxp

Now, f € ker(u*) if and only if f o 4 = 0, i.e. f vanishes on im py = D(([;,). Thus, by the

Nullstellensatz,
ker(p*) = 1(D{") = \/Tnt1,
and by Theorem 89, \/I,+1 = In41. O

Corollary 90. The invariant ring of GL,, acting on VP & (V*)4 is isomorphic to the coordinate ring
of the determinantal variety:

C[VvP @ (V*)1] Gln o C[Matgp]/Iny1 = C[Déf;)].

Invariant theory of finite groups.

For a graded C-algebra R = @ ;., Rq with dim R; < oo, the Hilbert series is

H(R,t) = (dim Ry)t".
d>0
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Theorem 91 (Molien’s formula). Let G be a finite group, and let (p, V') be a representation. Then
H(C[V]Y, ¢t
( V] \G| Z det —tp ))

Proof. Since C[V] = Sym(V*), the degree-d piece is C[V]y = Sym?(V*), and each g € G acts on
V* by ¢ = o p(g)~! (the contragredient representation).
By Proposition 9 (or character orthogonality), the multiplicity of the trivial representation in

Sym?(V*) is
dim Sym? (V)¢ = =@ szym vy (9)-

geG
If g acts on V* with eigenvalues oy, . . ., ay, then
XSymd (V) Z all"' nn = hq(ay, ..., an).
|B]=d

Summing over all d, we get

n

1 1
ha(ay, ..., on)tt = = ’
2 131 1—ait  det(I v+)

d>0

the «; being the eigenvalues of g|y+ and p*(g) = p(g~')?, which doesn’t affect the determinant.
Summing over all g € G,

1 1
H(C[V]%t) = mg% det(T —tp(g 1)) |Gy Z det (1 — tp det(I —tp(g))’

replacing g with g~ 1. O
Example. G = Z/nZ acting on C by a + ¢>™%/™ =: (%, By Molien’s formula,

1 11
n 1—¢at  1—tn

Direct computation shows that C[z]¢ = C[z"]. v/

Theorem 92 (Chevalley-Shephard-Todd). Let G be a finite subgroup of GL(V'), V = C". Then
C[V]€ is a polynomial ring if and only if G is generated by pseudoreflections, non-identity elements
fixing a codimension-1 subspace of V.

If this holds,
CVI® = Clf1, ..., ful,
~—
alg. indep.
=dj - - d,, whered; := deg(f;), and

we have k = n,

72V =]] ﬁ

i=1
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Examples:
a) G = S, = (s; = (i,i + 1)), V = C" (the standard representation). Then C[V]¢ =
Cley,...,en] withdege; = 4,50 |G| =1---nand
H(C[VIC, 1) = f[ L
’ paley 1-—1

b) G =7/2Z = {I,—I},V = C2 Here —I fixes only {0}, so it is not a pseudoreflection. So
Chevalley-Shephard-Todd implies that C[V]¢ is not a polynomial ring.
Invariants: polynomials in C[z, y] with all terms of even total degree. So

C[V}G = (| 22 xy, y? | = Cla,b, c]/(ac — bz), (not a polynomial ring!)
a b c

and by Molien’s formula,

1 1 1+ t2

1
2 (1—t)2+ (1+1)2] (11—

H(C[V]®t) =

Extra Topic II: Quiver representations

LECTURE 36

Definitions and Examples

Quiver representations [Sch14], [EGH " 11, Ch. 6].

Definition 93.
a) A quiver Q = (Qo, @1, s, 1) is a directed graph with

Qo vertices s: Q1 — Qo “source” s(a) —*> t(a)
Q1 : arrows t: Q1 — Qo “target”
b) A representation of () is an assignment of
« to each vertex w, a vector space V,;

« to each arrow v —*> w, a linear map V,,: V,, — V.

(We will restrict to finite quivers and finite-dimensional C-vector spaces.)
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c) A morphism V. — W of )-representations is a collection of maps
oy Vo = Wy, v € Qo,

that commute with the linear maps:

v, Y v,
‘Pvl Jﬂow
W, We gy

Isomorphism, subrepresentation, quotient representation and direct sum are defined similarly
as for groups, Lie algebras, etc.

d) A Q-representation V' is simple (or irreducible) if its only subrepresentations are V and {0}
(V, = {0}, V,, = 0). V is indecomposable if V = V' & V" implies V' = 0 or V" = 0.

By the Krull-Schmidt Theorem, every finite-dimensional quiver representation can be written as a
direct sum of indecomposables, unique up to isomorphism and ordering,.

Examples:

a) Vertex: (Q = o. Representations: C”. Only one indecomposable: C (also simple).

b) Arrow: () = ¢ —> e. Representations: C'™ N C™, A € Maty, p,.
Choosing bases of C™, C™, we can write A = I,. & 0, where r := rank A:

c—L—cr
(C™" = ker A)
@ ® (C"™" = coker A)
(Cm—'l" (Cn—'f‘
Indecomposables:
C—0, 0—C, c-1>cC (not simple!)
S(1) 5(2) P(1)
Morphisms:
S(2) 0——C
|
P(1) c—1>cC
(N
S(1) C——0
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¢) Loop: Q = @ . Representations: C™ D4, A € End(C™).
Indecomposables <+ Jordan blocks

Al
A
J)\jn = R AeC, n>1.
S
A
[ ——
n
N
d) Kronecker quiver e /_\_: e. Representations: V' wW.
~~r
B

The indecomposables with dim V' = dim W = 1 are

~a a,bnot both 0 1
C C i.e. points [a : b] in P*(C).
~— up to mutual scalar

e) A, Dynkin diagram, any orientation, e.g.

Indecomposables correspond to intervals:

n

Vi(i.i): ! ‘ 1 1 J
G,j): 0—0—-—0—C-%C— -+ 5H5C—0—--—0

f) D4 Dynkin diagram

[ ]
Simples:
C—0<~—0 0 —0<«—C 0 —>0<«—0 0 —C<«~—0
T T T T
0 0 C 0
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Other indecomposables:

C-1l>C<—0 0 —>C <t C 0 —>C<~—0
f f i
0 0 C

Cc 1> ! ¢ C-LCc<«—0 0 —>C<1-C

Three subspaces:

U Vv
\ /
U+V+W

!

w
dim(U+V +W) =dimU +dimV + dim W
—dim(U N V) — dim(U N W) — dim(V 0 W)
C—C*<~—C
+dim(UNVNW) + # T
C

(mathoverflow/23478: “Most common mathematical false belief”)

LECTURE 37

Gabriel’s Theorem, Path Algebras, Bound Quiver
Algebras

Theorem 94 (Gabriel’s Theorem). @ has finitely many indecomposables if and only if it is a union of
orientations of Dynkin diagrams of type Ay, Dy, or E,,. In this case, indecomposables are in bijection
with positive roots.
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Proof. Uses “reflection functors”; see [EGH" 11, §§6.6-6.8], [Sch14, Ch. 3, Ch. 8]. O

Ay V(Z,]) € —¢€j (Z < j)

D,: simple roots

Q] =e] —ez, Qg =e€2—€e3 Q3=e€3—€4, OQ4==e3+ey.

Other positive roots

a1 +oag =e1 —e3, g+az =€y —eq, 02+ 0 =€+ ey
apt+ax+az3=e; —eyq
o]+ a2+ oaq4 =€+ €4
g + a3+ oy = eg + €3
a1 +ag+a3+ag =e1+ €3
o1+ 209 +ag +oay =e1 + e
Matching these against the D, indecomposables listed in Definition 93 f), and writing a representa-
tion by its dimension vector (dim V;, dim V4, dim V3, dim V};) with vertex 2 the centre and vertex
4 the bottom:

root dimension vector root dimension vector
a1 (1,0,0,0) a1+ as + ag (1,1,1,0)

a3 (0,0,1,0) a1+ as + ay (1,1,0,1)

oy (0,0,0,1) a9+ a3+ oy (0,1,1,1)

Qs (0,1,0,0) o t+as+as+ag (1,1,1,1)

a1+ as (1,1,0,0) a1 + 2a0 + ag + ay (1,2,1,1)

as+ a3z (0,1,1,0)

a9 + oy (0,1,0,1)

Drozd: non-finite-type quivers are either tame or wild.

« Tame: finitely many one-parameter families of indecomposables plus finitely many exceptions.

 Wild: contains the problem of classifying representations of

C e D

All wild problems contain all other wild problems.

Tame quivers are orientations of these graphs:

O o> <
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Definition 95.

a) The path algebra of a quiver () is the C-algebra C() spanned by all paths in (), including the
“lazy paths” { e, | v € Qo }, with relations

(o is concatenation)

pogq if g ends where p begins,
p-qg=
0 else,

The category of finite-dimensional left CQ)-modules is equivalent to the category of finite-
dimensional ()-representations via

M—V, where V,, = e, M and, for v —%> w,

VaieoeM — e M, e,m— am;

Vi— M= @ Vo, CQ-action by the maps V.

v€Qo
Example. Q = . —> s 2, s and
C 0 0 €1
CQ = span{ey,e9,e3,c,3,at = [C C 0 a ey

CcC C C Ba B e3

b) Let Rg C CQ be the two-sided ideal generated by all arrows. A two-sided ideal I C CQ is
admissible if Rfy € I C Ré for some m > 2. A bound quiver algebra is a quotient CQ)/I
where [ is admissible.

Example. For . — . 2, . I = (Ba) is admissible, and

CQ/I = Span {617 €2, €3, 5} .
The quotient loses the indecomposable C —1> ¢ -1 C, since fa = 0.

Theorem 96. Let A be a finite-dimensional C-algebra. There exists a bound quiver algebra CQ /I
such that there is an equivalence of categories

A-mod = CQ/I-mod.

Examples:

a) A = C[G], G a finite group, with V1, ..., V} the irreps of G. Then

Q= . . : (no arrows) I=0,
and ()-representations are direct sums of S(1),...,S(k).
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b) A = Cl[z|/(2"). One simple A-module: V' = C, where z acts by 0. Indecomposables:
M, = C[z]/(2%), 1 < k < n (Jordan blocks of size < n with eigenvalue 0). Then

Q=eoa, I=(a").

General setting (Gabriel quiver). () has one vertex vg for each simple A-module S, and
dim Ext! (T, S) arrows from vg to vr.

Example. In the quiver

we have k exact sequences
0— S(2) = P(1) — S(1) — 0,
namely, writing a representation as Vi — V5,

a;—1

0 —— C — C C — C——>0

where in P;(1) the arrow «; acts as 1 and the other arrows act as 0.

Extra Topic III: Quantum groups

LECTURE 38

Hopf Algebras and U, (sl,)

Quantum groups [Kas95], [CP94], [HK02].

Recall that s[5 has generators e, f, h with relations

[h, e] = 2e, [h, f] = —2f, e, f] = h.

The universal enveloping algebra U (sly) is the associative C-algebra with generators e, f, h and
relations

he — eh = 2e, hf — fh=-2f, ef — fe=nh.

Poincaré-Birkhoff-Witt Theorem: { e fohe ‘ a,b,c>0 } forms a basis. (There is a similar con-
struction for other Lie algebras.)
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Definition 97.

a) A bialgebra (over C) is an associative unital algebra H with multiplication u: H @ H — H
and unit .: C — H, along with algebra homomorphisms A: H — H ® H (comultiplication)
and e: H — C (counit) satisfying

« coassociativity: (A ® id) o A = (Id ®A) o A;
o counit: (e®id) o A = id = (Id ®e) o A;

« pand ¢ are coalgebra homomorphisms: maps ¢: C' — C satisfying

(p@P)oAcr =Acod,  ecog=cec.

(Without p and ¢, this defines a coalgebra.)

b) A Hopf algebra is a bialgebra along with an invertible linear map S: H — H (antipode)
satisfying

po(S®id)oA=10e=po(id®S)oA. (S isan algebra antiautomorphism)
c) Let 7 be the flip map a ® b — b® a. A bialgebra or Hopf algebra is cocommutative if To A = A.
Examples:
a) H = CI|G] (the group algebra), with
Alg)=g®g, clg)=1  Slg=g"

Check:
coassoc.:. (A®id)oA(g) =g®g®g= (1d®A) o A(g);

antipode relation:
po(S@id)oAlg) = p(S®id)(g®g)
:lu(g_1®g): l=1toe.
eG

H is cocommutative: 7o A(g) = g ® g = A(g).
b) H = U(g), g a Lie algebra, with
Alz)=z1+1®x, e(z) =0, S(z) = —u, x € g.

Check:
coassoc.. (A®id)oA(z)=(A®id)(z®1+1® )

=zr®R1®1+12z201+1®1®x
= (i[d ®A) o A(x),
counit: (e®id)oA(z) =(e®id)(z®@1+1®x)==x.
H is cocommutative: To A(z) = 1@z + 2 ® 1 = A(x).
If H is a Hopf algebra and U, V, W are H-modules, then

« H has a “trivial representation”: h - z = e(h)z;
€
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. V*isan H-module via (h - ¢)(v) := ¢(S(z) - v);

« V® W isan H-module viah - v ®@ w := A(h)(v ® w);

« by coassociativity, (U @ V)@ W = U & (V@ W);

o if H is cocommutative, then7: V@ W — W ® V is an isomorphism.

What about a Hopf algebra that isn’t cocommutative?

Fix ¢ € C* or transcendental.

Definition 98. The quantum group U,(sl3) is the associative C-algebra generated by £, F, K, K !
with relations
KK '=K 'K =1,

KEK™' = {E, KFK ' =¢?%F

K- K1
q—4q
(Set K = ¢" and send ¢ — 1 to recover U (sly).)
U,(sly) is a Hopf algebra:
AK)=K®K «(K)=1 S(K)=K!

1
AE)y=1E+E®K ¢E)=0 S(E)=-EK™!
AF)=K '@ F+F®1 ¢F)=0

Not cocommutative!

Generically, the representation theory of U,(sl) is very similar to that of U (sl3) or sls.

Theorem 99. Suppose that g € C* is not a root of unity. The irreducible finite-dimensional rep-
resentations of Uy(sly) are parametrized by nonnegative integers k. The irrep V*) has a basis of
K -eigenvectors vy, vg_a, . .., U_j such that

Kv; = qjvj
Bvg_9¢ = [l], vk—20+2

Fog_gp = [k — 1], vk—20—2

where
q" —q" 1, n-3 —(n—1)
[n]q::m:q" +q "+ +gq .
n terms
Examples:
a) Standard representation (k = 1): v =2,
g O 0 1 00
KH[O q_l}’ EH[O 0]’ F»—>[10.
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b) k=2
@? 0 0 0 1 0 0 0 0
K— |0 1 0|, E—=1|0 0 q+q¢', F—|qg+qg' 00
0 0 ¢?2 00 0 0 1 0

Note. (If time.) Check the relations.

LECTURE 39

R-Matrices and Quasitriangularity

Last time U, (sly) is a non-cocommutative Hopf algebra, ie. 7: VW - W ®V,a®b+— b® a, is not
an isomorphism of U, (sl,)-modules.
Today A replacement for that condition.

LetV = Vq(l) = C? be the U, (sl2)-irrep with highest weight 1 (the standard representation). We
have V' = span {vy,v_} where

Evy =0 Fop=v_

Kvy = ¢ ,
T Ev_=vy Fv_=0

V' ® V has basis {v44,v4—,v_1,v__}, where vy 4 = vy ® vy
Let R: V®V — V ®V be the map

V4 V4 — V—4 v__
q 0 07 vt
R=|0 O o0 igs1, R
0 1 q—q 0 | v—¢
0 0 0 q V__

Proposition 100. R is a U, (sly)-module isomorphism. That is,
RoA(z)=A(z)oR  forallz € Uy(sla).

Proof. Ris bijective because it’s nonsingular. Since A(K) = K ® K is symmetric, R commutes
with A(K) if and only if it preserves the weight spaces. These are:

span{vyy} weight ¢?
span {v4_,v_4} weight1
span {v__} weight ¢~
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This holds if R has the block diagonal form

*

which it does.
Since R acts by a scalar on 1-dimensional weight spaces, we only need to check that it commutes
with A(F) and A(F) on span {v4_,v_4}. We have

A(E)R(vi-) = A(E)(v-4) = (1® E+ E® K)(v_4) =0+ quiy
RA(E)(v1-) = RA®E+E® K)(vy-) = R(vyy +0) = quyt
and R
AE)R(v—4)=(1®E+E®K)(vi + (¢ —q "v_y)
=014 +04+0+q(g—q opy = oy
RA(E)(v-y) = R(0+quiy) = ¢*vpy,
and similarly for A(F"). O

In fact, R satisfies the Yang—Baxter equation:
RioRo3Ris = RasRi2Ros € End(V®?),
where ]/%ij acts as R on the ith and jth tensor factors. More commonly, this is stated
RiaR13Ro3 = RosRi3Ri2 € End(V®3),  where R = 7R.
In addition, by direct computation, we obtain the quadratic relation

(fi—q)(fﬁ—i—q_l) =0.

Definition 101. A Hopf algebra H is quasicocommutative if there exists an invertible element
R € H ® H such that
TA(x) = RA(z) R} forallz € H.

H is quasitriangular if R further satisfies
(A ® id)R = Ri3Ro3, (id ®A)R = Ri3Rqo.

This R is called the universal R-matrix, and satisfies the Yang—Baxter equation Ri3R 3R23 =
Ro3zR13Rq2.
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Theorem 102 (Drinfeld). Let H = U,(sly). The matrix
—1\n
R— q(H®H)/2 Z (g—q7) qn(n—l)/Q E"®F" ¢ H®H,
= [n]q!

where qT®H)/2 gets on the weight space Vi, @ Vy by ¢*/?

the conditions of Definition 101.

and [n] ! = [n],[n—1],---[1] , satisfies

ol

Similarly U,(g) is “essentially quasitriangular” for any reductive Lie algebra g.

Similar to Uy(slz), H = Uy(gl,,) has a highest-weight representation V! which is a deformation
of the U(gl,,)-representation V.

LetV = Vq(l) = C", the “standard” U,(gl,,)-representation. Then U,(gl,) acts on V® via
AR =Ao...0A: H— H®,
The braid group

By = <01, ey Okl | 04044103 = 01100441, 0;0j = 0505, |i — j| > 2>

also acts on V®* via g; — §i7i+1.
In fact R also satisfies the quadratic relation (R—q)(R+¢~!) = 0, so we obtain a representation
of the Hecke algebra

Hila) = (T1 o Ty | BT T = T BT, Ty = T, Ji - j| > 2, (Ti—q)(Ti+q7 )
ViaTZ‘ — ﬁfiﬂq_l.

Theorem 103 (Jimbo). The quantum group U,(gl,)) and the Hecke algebra H(q) are mutual
centralizers inside VF. We have the U,(gl,,) ® Hy(q)-module decomposition

k ~ A A
vk @) Ves)
M-k
L(AN)<n

where SqA is the Hy,(q)-irrep deforming the Specht module S™.

LECTURE 40

Crystal Bases

Crystal bases [HK02], [BS17].

Two desiderata:
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1)

2)

In a highest weight representation V*, the raising/lowering operators send weight spaces into
weight spaces. We would like to extend this to the basis vectors themselves, by choosing a
basis for each weight space Vu)‘ such that the raising/lowering operators send basis vectors to
(scalar multiples of) basis vectors or 0.

For gl,,/sl,, there is a natural indexing set, since

dim V:‘ = ky, = # {semistandard tableaux of shape A and content p} .

For sly, this choice is possible since all weight spaces are 1-dimensional.
For general g, it is not possible for most representations, e.g.

° °
i €j
(C2

usually won’t lead to a compatible choice of basis for C2. Same issue for U, (g) with generic g.

In a tensor product V& of copies of the standard representation, we would like the decompo-
sition into irreps to partition the basis vectors.

E.g Uy(slp), V = Vq(l) = span {v;, v_}. The irreducible decomposition is
~ 172 0
Vev=y®aevO,

where
V) = span(viy, ve_ +qu_y, v__)
Vq(o) = span(v_+ — q’u+_)

v4— and v_ lie in neither subrepresentation ... unless we can set ¢ = 0.

Theorem 104 (Lusztig, Kashiwara). For any reductive Lie algebra g, and for every highest weight
representation Vq)‘ of Uy(g), after taking an appropriate limit ¢ — 0, there exists a basis of the resulting
representation satisfying 1). In many cases (and always in type A), it also satisfies 2).

This is called the crystal basis for V* or Vq>‘. The Kashiwara operators &;, f; send basis vectors to

basis vectors. The crystal graph has vertices the basis elements, and edges v — w when f;(v) = w.

Let’s work in the case g = sl,,. Set

Vvi=vl= span {semistandard tableaux with shape and entry < n}

:span{ 1 [ 2 [...,] n }

The crystal graph is
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fi J = €; i =
0 0,

, otherwise, otherwise.

In a tensor product V®F, fl( a; |®---®| ak ) is given by:

« write ) under each 7, ( under each i 4 1;
« change the rightmost unpaired i to an ¢ + 1.

For example, )
f2(20193382010202830102)

) )y ) ) )
= 2R18303R201R28303R1®2
) ) ) CC )

Tableaux of shape A fit into this framework by row reading, e.g.

1 2

1[1]
12]

/ \
112] 1[1]
2] 13]
) I
1[3] 1[2]
12] 13]
) I
113] 2[2]
13] 13]

N A

273
13]

The tensor product rule allows us to decompose the tensor product of any two highest weight
representations. E.g. g = slp, V = Ve w=v06),

v [A[] [1]2]

104



MATH 506: GROUP REPRESENTATION THEORY

w: — — [12]2] — [2]2]2]

VeW:

11®112 11®111
11222 «<—— 11122 < 11112 <« 11111

l % Y
12222 «—<—— 12122 <= 12112 <= 12111

l l % 12® 111

Y

29929 <€—— 221922 < 22112 < 22111

Veaw v gyl® gy,

Thank you all for your hard work, and a wonderful semester.
Have a great summer!
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