Math 418, Spring 2025 — Homework 7

Due: Wednesday, April 2nd, at 9:00am via Gradescope.

Instructions: Students should complete and submit all problems. Textbook problems are
from Dummit and Foote, Abstract Algebra, 3rd Edition. All assertions require proof, unless
otherwise stated. Typesetting your homework using LaTeX is recommended, and will gain
you 1 bonus point per assignment.

1. Dummit and Foote #14.3.3: Prove that an algebraically closed field must be infinite.

Solution. Let F' be a finite field. The polynomial 1 + [[,.x(z — a) € F[z] has no
roots in F', so F' is not algebraically closed.

2. Dummit and Foote #14.3.4: Construct the finite field of 16 elements and find a
generator for the multiplicative group. How many generators are there?

Solution. Let f(z) = ' + x + 1 € Fy[z]. This is irreducible of degree 4, so F :=
Folz]/(f(x)) is a field of order 16 (which we have seen is unique up to isomorphism).
Let 6 be the image of x in this quotient; then #* = 6 + 1 and Fy[z]/(f(z)) = {a + b0 +
cb? + d63la, b, c,d € Fy}.

Now, |F*| =16 — 1 = 15, and since 6% # 1 and 6° = 62 + 0 # 1, § must have order 15;
therefore, it generates F'*, which must therefore be cyclic. The number of generators
for F'* is ¢(15) = 8.

3. Dummit and Foote #14.3.8: Determine the splitting field of the polynomial f(z) =
2P —x —a over IF, where a # 0,a € F,,. Show explicitly that the Galois group is cyclic.

Solution. Let o be a root of f over some splitting field. Then if k € F,,,
fla+k)=a+k —a—k—a=k — k=0,

where we have used the Frobenius map and Fermat’s Little Theorem. This produces
p roots of f, so f is separable, with F,(«) its splitting field, and so the extension is
Galois. In particular, 0 is not a root of f, so a ¢ F,,.

Let ¢ be the Frobenius map on F,(«). Since « is a root of f, ¢(a) = o = a + a, and
by the argument in the first paragraph, this is also a root of f. Since a # 0 and p is
prime, every root (3 of f is of the form 8 = a+k = a+ ja = ¢’/(a), so ¢ is an element
of Aut(F,(«)/F,) of order n. Since deg f = n, |[Aut(F,(a)/F,)| < [Fy(a) : F,] <n, so
indeed Aut(FF,(a)/F,) is cyclic with generator ¢. In particular, f must be irreducible
since there is an element of Aut(F,(a)/F,) sending a to every other root of f, and
therefore every root of f must be a root of the same minimal polynomial as «, so f is
that minimal polynomial, so it is irreducible.
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4. Dummit and Foote #14.4.2: Find a primitive element for K = Q(v/2,v/3,v/5)
over Q.

Solution. Since char Q = 0, the primitive element theorem says such an element «
must exist. Now, K is a Galois extension since it is the splitting field of the separable
polynomial (2% — 2)(z* — 3)(2? — 5). Furthermore, the extension is degree 8 since
Q € Q(W2) € Q(V2,v3) € K. Let G = Gal(K/Q); this must have fixed field
Q (proof: since K/Q is Galois, |G| = [K : Q] = 8 If £ := FixG 2 Q, then
K : E] < |G| = Gal(G/FE), a contradiction).

As we have shown in class, if « € K,

mo(a) = [] (x - a),

aeGa

so if we can find a polynomial such that |Ga| = 8, then mg(a) will have degree 8, so
Q) : Q] =8, and so Q(«) = K.
One such element is @ = v/2 + v/3 + v/5. An element of G sends

V2 £vV2, V3 V3, VB V6,

and all 8 choices are distinct automorphisms which send « to distinct elements.

5. Dummit and Foote #14.4.3: Let F be a field contained in the ring Mat,(Q) of nxn
matrices over Q. Here, Q C Mat,(Q) is identified with the scalar diagonal matrices by

the inclusion
q

q—ql =

q
Prove that [F : Q] < n. (I do have a hint for this one, if you ask)

Solution. [F: Q] must be finite since dimg Mat,(Q) = n?, and F C Mat,(Q). Since
char F' = 0, the primitive element theorem tells us that ' = Q(«) for some element
a € F. Let f(x) be the characteristic polynomial for the matrix «. Then deg f = n,
and f(a) = 0 by the Cayley-Hamilton theorem. Therefore, [F: Q] = dega < deg f =
n.

Alternate solution: consider a subspace V' of Mat, (Q) of dimension > n. For any
a €V, let ag be the top row of a. The set {ag|a € V'} has dimension at most n since
there are n entries in the top row. Since dim V' > n there exist linearly independent

vectors M, ... a1 € V; we must have aél), e ,a(()”H) linearly dependent. So there
is a nonzero linear combination of a(()l), e ,a(()"ﬂ) that gives 0; this corresponds to a
nonzero linear combination B of aM, ... a1 which has top row 0. But therefore,

det B =0, so [ is a nonzero element of V' that is not invertible, so V' is not a field.



