Math 213, Fall 2024 Homework 8 Due Sunday, 11/3 at 11:59pm

Problem §8.6 - 3: How many solutions does the equation x; + z2 + x3 = 13 have where
1, %2, and x3 are nonnegative integers less than 67

Solution. Let P; be the property that z; > 6, P» be the property that zo > 6, and P3 be the
property that s > 6. To count the number of solutions to the equation z; + z9 + x3 = 13 where
21,2, and x3 are nonnegative integers less than 6, we want to compute N(Py, P, P;) (see Rosen
for this notation) using the principle of inclusion-exclusion. We know that

N(P{, Py, P) = N = (N(P1) + N(P,) + N(Ps)) + (N(P1, P2) + N(P2, P3) + N(P1, P3)) = N(Py, Py, P3).

Recall that N is the number of all solutions to x1 + x5 + x3 = 13 where z1, x5 and x3 can be any
nonnegative integers. From many similar problems in Chapter 6, we know that

3 3+13-1 15
=) - =)
We can also observe that by symmetry, N(P;) = N(P;) = N(P;). Again using reasoning that we
developed in Chapter 6, we know that

v (e ) = (2 )) - (D) - (717 - ()

Similarly, N(Pl,PQ) = N(PQ,Pg) = N(Pl,Pg) and

number of solutions 3 3 3+1-1 3
Ny = (b csoions ) (3 ) _(BY)(311Y (3),

Finally, we can observe that N(P;, P2, P3) = 0 because 3-6 = 18 > 13 and therefore it’s not possible
to have a solution where x1,xs, 3 > 6.
Substituting for these values, we find that

N(P{,P;,P3) = N — (N(P1) + N(P2) + N(Ps)) + (N(P1, P2) + N(P», P3) + N(P1, P3)) — N(Py, P2, P3)
()= () () G) ()
(1) 2 ()=

6
Because this is such a small number, we could actually explicitly verify it. In general, though, trying
to explicitly find the number of solutions would be a very cumbersome and ineffecient process! [

Problem §8.6 - 10: In how many ways can eight distinct balls be distributed into three
distinct urns if each urn must contain at least one ball?

Solution. This question is essentially asking us to count the number of onto functions from a set with
eight elements (the distinguishable balls) to a set with three elements (the distinguishable urns).
From Theorem 1 in §8.6, we know that there are

38— (i’) S8 4 (;’) <18 = 5796

such functions and therefore 5796 ways to distribute eight distinct balls into three distinct urns if
each urn must contain at least one ball. O
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Problem §8.6 - 14: What is the probability that none of 10 people receives the correct hat
if a hatcheck person hands their hats back randomly?

Solution. We wish to find the probability of the event, E, that nobody receives their own hat back.
Our sample space, S, is the set of all possible outcomes - i.e., all possible ways to return 10 hats to
10 people. Clearly, |S| = 10!.

To find |E|, we simply apply our formula for D,,, which appears as Theorem 2 from §8.6, with
n = 10. Doing so, we find

1 1 1 1
=10!- T T
|E| =10!- |1 1 +2! 3 + -+ 101

and therefore

Bl 10—ty gt

PE) =g = 10!

Problem §9.1 - 6(a-f): Determine whether the relation R on the set of all real number is
reflexive, symmetric, antisymmetric, and/or transitive, where (x,y) € R if and only if

Solution. (a) This relation is not reflexive - for example, (1,1) ¢ R because 1 + 1 # 0. It is
symmetric: because x +y = y + x, we know that z +y = 0 if and only if y + = = 0. As
such, (z,y) € R implies (y,x) € R. It is not antisymmetric - for example, (—1,1) € R and
(1,-1) € R because —1+1 =0and 1+(—1) = 0 but 1 # —1. It is not transitive - for example,
(1,-1) € Rand (—1,1) € R, but (1,1) ¢ R.

(b) This relation is reflexive, because © = £z (where we choose the plus sign) so (z,z) € R. It is
also symmetric: if (z,y) € R, then x = £y so y = £z and (y,z) € R. It is not antisymmetric -
for example, (1,—1) € R and (—1,1) € R because 1 = +(—1) and —1 = £1 (where we choose
the minus signs) but 1 # —1. It is, however, transitive. If (z,y) € R and (y,z) € R, then
x ==ty and y = £2. Hence, x = £(+2) = £z and (z,2) € R.

(c¢) This relation is reflexive because  — x = 0 is rational, hence (x,z) € R, for all real numbers
x. It is also symmetric because if x — y is rational, then so is y — x = —(z — y). It is not,
however, antisymmetric - for example, 1 — (—1) = 2 and (—1) — 1 = —2 are both rational so
we have (1,—1),(—1,1) € R but 1 # —1. It is transitive. If (z,), (y,2) € R then x — y and
y — z are both rational. Then z — z = (z — y) + (y — z) must also be rational, since it’s the
sum of two rational numbers, and we have (z, z) € R.
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(d) This relation is not reflexive. For any = # 0, z # 2z and therefore (z,z) ¢ R. It is also not
symmetric, since (2,1) € R but (1,2) ¢ R. It is antisymmetric! To see this, suppose (z,y) € R
and (y,z) € Rso z = 2y and y = 2z. Then y = 22 = 4y which implies y = 0 and therefore
x = 0 = y. The relation is not transitive - for exampe, (4,2) € R and (2,1) € R but (4,1) € R.

(e) This relation is reflexive; because z? > 0 for all real numbers z, we always have (z,z) € R.
It is also symmetric because multiplication is associative so xy > 0 implies yx > 0. It is not
antisymmetric - for example, (2,0) € R and (0,2) € R but 0 # 2. It is also not transitive - for
example, (1,0) € R and (0,—2) € R but (1,-2) ¢ R.

(f) This relation is not reflexive - for example, (1,1) ¢ R because 1-1 # 0. It is symmetric,
not antisymmetric, and not transitive by the same reasoning as in part (e). In fact, the same
counterexamples even work for this relation!

O

Problem §9.1 - 15: Can a relation on a set be neither reflexive nor irreflexive?

Solution. Recall that a relation R on a set A is irreflezive if for every a € A, (a,a) ¢ R (i.e., no
element of A is related to itself by R).

A relation can be neither reflexive or irreflexive! As an example, let A = {1,2,3} and consider
R= {(2’ 2)7 (1’ 3)a (37 3)}

This relation is not reflexive because it does not contain (1,1). It is not irreflexive either, however,
because it does contain (2,2) and (3, 3).

In general, a relation R on a set A will be neither reflexive nor irreflexive if it contains the ordered
pairs (a,a) for a € B where B is some non-empty proper subset of A - i.e., it contains (a,a) for at
least one element of A, but not every element. O

Problem §9.1 - 22: Must an asymmetric relation also be antisymmetric? Must an antisym-
metric relation also be asymmetric?

Solution. Recall that a relation R on a set A is asymmetric if (a,b) € R implies that (b,a) ¢ R for
all a,b € A.

A relation that is asymmetric must also be antisymmetric, since the hypothesis for being antisym-
metric (“suppose (a,b) € R and (b,a) € R...”) is false and so the condition is trivially satisfied.
An antisymmetric relation need not also be asymmetric, however. For example, let A = {a,b} and
consider R = {(a,a), (a,b), (b,b)}. This relation is trivially antisymmetric, but it is not asymmetric
because (a,a) € R clearly implies (a,a) € R and likewise with (b, b).

In general, a relation R is asymmetric if and only if it is antisymmetric and irreflexive. O

Problem §9.1 - 26: Let R be the relation R = {(a,b) : @ < b} on the set of integers. Find
(a) R7L.
(b) R.

Solution. Recall that if R is a relation from a set A to a set B, then
R~ ' ={(b,a): (a,b) € R},
R={(a,b): (a,b) ¢ R}.

Using the relation R given in the problem statement, we can then observe that
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(a) R71 ={(b,a): (a,b) € R} = {(b,a) : a < b}, which we can write more simply as
R~ ={(a,b) : a > b}.

(b) R={(a,b): (a,b) ¢ R} = {(a,b) : a £ b}, which we can write more simply as
R=1{(a,b):a>b}.

O

Problem §9.3 - 2(a,b): Represent each of these relations on {1,2, 3,4} with a matrix (with
the elements of this set listed in increasing order).

(a) {(1,2), (1,3), (1,4),(2,3), (2,4), (3,4)}
(b) {(1,1), (1,4), (2,2), (3,3), (4, 1)}

Solution. From the definition of the matrix representation of a relation, we know that position (4, j)
of the matrix will have a 1 if the pair (,5) is in the relation and a 0 if the pair (,5) is not in the
relation. Indexing the rows and columns of our matrices with {1,2, 3,4} in increasing order, we find:

11
(a)

'cooco
O =

_ o O =
SO RO S OO
o= O O o O =
OO O =

O

Problem §9.3 - 14(a-d): Let R; and Ry be relations on a set A represented by the matrices

MR1 = and MR2 =

=)
O = =
o = O
= o O

1 0
11
11

Find the matrices that represent

(a Rl U RQ.
(b) Ry N Rs.

(C RQ o Rl.

)
)
)
)

(d Rl o Rl.

Solution. (a) Recall that we find Mg, g, by taking the join of the matrices Mg, and Mp,. Hence,

[OvVOo 1v1 0VO] 010
Mg,0r, = Mg, VMg, = [1VO 1V1 1v1[f=|1 1 1
|1v1l 0v1l 0V1] |11 1]
(b) Recall that we find Mg, g, by taking the meet of the matrices Mg, and Mg,. Hence,
[OA0 1ALl OADO] 0 1 0]
Mg,nr, = Mg, N\Mgr, = |1A0 1A1 1A1| =0 1 1
[IAT OALl OAT] 100
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(¢) Using the appropriate Boolean product, we compute

Mpg,or, = Mr,® MR,

[OA0)V (LAO)V(OAT) (OAT)V(IADVOAL) (OA0)V(IAL)V(OAL)
LAO)V(LAO)V(IAL) (1A VIADV(IAL (1A0)V(IAL)V(IAL)
1A0)V(0A0)V(0AT) (LAL)V(OAL)V(0AL) (0A0)V(0OAL)V(0ATL)

(
(
[0

1
0

HHH
o= K

(d) Using the appropriate Boolean product, we compute

Mg,or, = Mp,OMRg,

[(0A0)V (1AL V(OAL) (OAL)V(IAL)V(OAD) (0OAD)V(LAL)V(0AO)
(IAOVIAALDVAAL AADVAALVAAD (LA0)V(IALV(IAOD
[(IA0)V(OAL)V(0OAL) (IAT)V(OAO)V(0OAO) (1AO0)V(OAT)V(0AD)
1 1 1
1
10

11
1 0

Problem §9.3 - 22: Draw the directed graph that represents the relation

{(a,a), (a,0), (b;¢), (¢,0), (¢, d), (d;a), (d,b)}.

Solution. We can draw the directed graph representation of this relation by drawing vertices with
labels from the set {a,b,c,d} and drawing an arrow ¢ — j whenever (i, 7) is in the relation. Doing
so, we draw

Problem §9.3 - 26: List the ordered pairs in the relations represented by the directed graph
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Solution. This is the directed graph representation of the relation

R = {(a7a), (a7 b)7 (b> a’)7 (b> b)? (07 a’)7 (07 C)7 (07 d)? (d7 d)}

on the set {a,b, ¢, d}. O



